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1. Introduction

Since the concept of a quasi-homogeneous medium was firstly
introduced by Carter and Wolf in 1988 [1], there has been substantial
interest in investigating the scattering of light by quasi-homogeneous,
randommedia [2–6], because the important detailed information about
the object can be obtained from the knowledge of the scattered field in
the far zone. Corresponding to the reciprocity relations for radiation
from quasi-homogeneous sources [7, Section 5.2.2], the reciprocity
relations for scattering of a polychromatic plane wave incident upon a
quasi-homogeneousmedium are considered as important in the theory
of scattering [1,2,4].

In this paper, the reciprocity relations for scattering from Gaussian-
correlated, quasi-homogeneous, anisotropic media are studied with the
help of a tensor method. We obtain the three-dimensional spatial
Fourier transforms and, furthermore, the analytical expressions, which
indicate the relationship between the scattered field and the scattering
potential of the medium.

2. Theoretical analysis

Consider that a polychromatic plane wave, propagating in the
direction of a unit vector s0, is incident upon a statistically stationary
random medium occupying a finite domain D, as shown in Fig. 1. The
incident field U(i)(r, ω) can be expressed by the form

U ið Þ r;ωð Þ = a ωð Þexp iks0⋅rð Þ; ð1Þ
where a(ω) is a complex random variable, ω denoting the frequency,
k=2π/λ is the wavenumber, and r is the position vector. The cross-
spectral density function of the incident field at points r1 and r2 may
be given by the expression [8, Section 4.1]

W ið Þ r1; r2;ωð Þ = 〈U ið Þ� r1;ωð ÞU ið Þ r2;ωð Þ〉; ð2Þ

where the asterisk denotes the complex conjugate and the angular
brackets denote the ensemble average.

The cross-spectral density function of the scattered field which is
valid to within the accuracy of the first-order Born approximation [9,
Section 13.1.2] is obtained by the formula [8, Section 6.3]

W sð Þ r1; r2;ωð Þ =∫
D

∫
D

W ið Þ r′1; r′2;ω
� �

CF r′1; r′2;ω
� �

× G�
���r1−r′1

���;ω� �
G

���r2−r′2���;ω� �
d3r′1d

3r′2;
ð3Þ

where

CF r′1; r′2;ωð Þ = 〈F� r′1;ωð ÞF r′2;ωð Þ〉m

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IF r′1;ωð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IF r′2;ωð Þ

p
μF r′1; r′2;ωð Þ

ð4Þ

is the correlation function of the scattering potential specified by
position vectors r′1 and r′2 within the scatterer. The angular brackets,
with subscript m, denote the average taken over the ensemble of the
random medium. The function IF r′;ωð Þ≡CF r′; r′;ωð Þ is a measure of
the strength of the scattering potential at the point r′. The function
μ F r′1; r′2;ωð Þ is the normalized correlation coefficient of the scattering
potential that depends on the two spatial position variables r′1 and r′2.
Because of the properties characterizing the quasi-homogeneous
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Fig. 1. Illustrating the notation relating to scattering.
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medium, CF can also be approximated by the form [8, Sec. 6.3.3,
Eq. (24)]

CF r′1; r′2;ω
� �

= IF
r′1 + r′2

2
;ω

� 	
μF r′2−r′1;ω

� �
: ð5Þ

On substituting from Eqs. (1), (2) and (5) into Eq. (3), and making
use of the far-zone approximation for the free-space Green's function,
the cross-spectral density function of the scattered field at points
specified by position vectors rs1 and rs2 is expressed by the formula
[8, Section 6.3.2, Eq. (9)]

W sð Þ rs1;rs2;ωð Þ = 1
r2

S ið Þ ωð ÞC̃F −k s1−s0Þ; k s2−s0Þ;ωð �;ð½ ð6Þ

where S(i)(ω)= 〈a*(ω)a(ω)〉 represents the spectrum of the incident
wave and

C̃F K1;K2;ωð Þ = ∫
D

∫
D

IF
r′1 + r′2

2
;ω

� 	
μ F r′2−r′1;ω

� �

× exp −i K1 + K2ð Þ⋅ r′1 + r′2
2

� 	
+

K2−K1

2

� 	
⋅ r′2−r′1ð Þ


 �� 
d3r′1d

3r′2

ð7Þ

is the six-dimensional spatial Fourier transform of CF r′1; r′2;ωð Þ.
As a practical instance, we suppose that the quasi-homogeneous

medium is Gaussian-correlated and anisotropic. The correlation
function of the scattering potential may be given by the expression [6]

CF r′1; r′2;ωð Þ = C0 exp −
x′1 + x′2

� �2

8σ2
I x

−
y′1 + y′2

� �2

8σ2
I y

−
z′1 + z′2

� �2

8σ2
I z

2
64

3
75

× exp −
x′1−x′2

� �2

2σ2
μ x

−
y′1−y′2

� �2

2σ2
μ y

−
z′1−z′2

� �2

2σ2
μ z

2
64

3
75;

ð8Þ

whereσI(x,y,z) andσμ(x,y,z) denote the effective radius and the correlation
length in three dimensions, respectively, and C0 is a positive constant.
Eq. (8) can be rewritten by use of tensor method as follows:

CF r′1; r′2;ω
� �

= IF R′þ;ω
� �

μ F R′−;ω
� �

; ð9Þ

where R′þ = r′1 + r′2ð Þ= 2 and R′− = r′2−r′1, with r′1 = x′1; y′1; z′1ð ÞT and
r′2 = x′2; y′2; z′2ð ÞT, T meaning the transpose operation. The functions IF
and μF are expressed by the tensor form

IF R′þ;ω
� �

= C0 exp −R′Tþ MIR′þ
� �

; ð10aÞ

μF R′−;ω
� �

= exp −R′T−MμR′−
� �

; ð10bÞ
where

MI =
1
2

σ−2
I x 0 0

0 σ−2
I y 0

0 0 σ−2
I z

2
6664

3
7775; ð11aÞ

Mμ =
1
2

σ−2
μ x 0 0

0 σ−2
μ y 0

0 0 σ−2
μ z

2
6664

3
7775: ð11bÞ

On substituting from Eqs. (9), (10a) and (10b) into Eq. (7), we
obtain the expression

C̃F K1;K2;ωð Þ = ĨF Kþ;ω
� �

μ̃F K−;ωð Þ; ð12Þ

where

Kþ = K1 + K2; K− = K2−K1Þ = 2;ð ð13Þ

K1 and K2 may be expressed by tensor form

K1 = −k s1−s0Þ; K2 = k s2−s0Þ;ð� ð14Þ

where

s1 = s1x; s1y; s1z
� �T

; s2 = s2x; s2y; s2z
� �T

; and s0 = s0x; s0y; s0z
� �T

:

ð15Þ

ĨF Kþ;ω
� �

and μ̃F K−;ωð Þ are the three-dimensional spatial Fourier
transforms of IF R′þ;ω

� �
and μF R′−;ωð Þ, having the form

ĨF Kþ;ω
� �

= ∫
D

C0 exp −R′TþMIR′þ
� �

exp −iKT
þR′þ

� �
d3R′þ; ð16aÞ

μ̃F K−;ωð Þ = ∫
D

exp −R′T−MμR′−
� �

exp −iKT
−R′−

� �
d3R′−: ð16bÞ

After a vector integral operation of Eqs. (16a) and (16b) we obtain
the analytical formulas

ĨF Kþ;ω
� �

= π3=2C0 Det MIð Þ½ �−1=2 exp −1
4
KT
þM

−1
I Kþ

� 	
; ð17aÞ

μ̃F K−;ωð Þ = π3=2 Det Mμ

� �h i−1=2
exp −1

4
KT
−M

−1
μ K−

� 	
; ð17bÞ

where Det denotes the determinant. Eqs. (17a) and (17b) can also be
rewritten without tensor form

ĨF k s2−s1ð Þ;ω½ � = 81=2π3=2C0σ I xσ I yσ I z

× exp − k2

2
s2x−s1xð Þ2σ2

I x + s2y−s1y
� �2

σ2
I y + s2z−s1zð Þ2σ2

I z


 �( )
;

ð18aÞ

μ̃F k
s1 + s2

2
−s0

� 	
;ω


 �
= 81=2π3=2σμ xσμ yσμ z exp

(
− k2

2

"
s1x + s2x

2
−s0x

� 	2
σ2

μ x

+
s1y + s2y

2
−s0y

� 	2
σ2

μ y +
s1z + s2z

2
−s0z

� 	2
σ2

μ z

#)
:

ð18bÞ
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The cross-spectral density function of the scattered field can be
obtained by Eq. (6) combining with Eqs. (12), (18a) and (18b):

W sð Þ rs1; rs2;ωð Þ = 1
r2

S ið Þ ωð Þ ĨF k s2−s1
� �

;ω
� �

μ̃F k
s1 + s2

2
−s0

� 	
;ω


 �
:

ð19Þ

The spectral density of the scattered field is obtained at once by
substituting Eqs. (18a) and (18b) into Eq. (19) and setting s1 = s2≡s:

S sð Þ rs;ωð Þ = 1
r2

S ið Þ ωð Þ ĨF 0;ωð Þ μ̃F k s−s0ð Þ;ω½ �

=
8
r2

π3C0σ I xσ I yσ I zσμ xσμ yσμ zS
ið Þ ωð Þ

× exp − k2

2
sx−s0xð Þ2σ2

μ x + sy−s0y
� �2

σ2
μ y + sz−s0zð Þ2σ2

μ z


 �( )
:

ð20Þ

The spectral degree of coherence of the scattered field is derived
from Eqs. (19) and (20) by use of the formula [8, Section 4.2]

μ sð Þ rs1; rs2;ωð Þ = W sð Þ rs1; rs2;ωð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S sð Þ rs1;ωð Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S sð Þ rs2;ωÞ;ð

q ð21Þ

then

μ sð Þ rs1; rs2;ωð Þ≈ ĨF k s2−s1ð Þ;ω½ �
ĨF 0;ωð Þ

= exp − k2

2
s2x−s1xð Þ2σ2

I x + s2y−s1y
� �2

σ2
I y + s2z−s1zð Þ2σ 2

I z


 �( )
:

ð22Þ

In the derivation of Eq. (22) we have used the following
circumstance of the quasi-homogeneous scatterer [8, Sec. 6.3.3,
Eq. (36)]:

μ̃F k s1−s0
� �

;ω
� �

≈ μ̃F k s2−s0Þ;ωð �≈ μ̃F k
s1 + s2

2
−s0Þ;ω

� �
:




ð23Þ

The first line of Eq. (20) together with the first line of Eq. (22)
provide the well-known two reciprocity relations [1,2,4,8]:

1. The spectral density of the scattered field in the far zone is
proportional to the three-dimensional spatial Fourier transforms of
the correlation coefficient of the scattering potential.

2. The spectral degree of coherence of the scattered field in the far
zone is proportional to the three-dimensional spatial Fourier
transforms of the strength of the scattering potential.

As the main result of this paper, the analytical formulas of the
three-dimensional spatial Fourier transforms obtained in Eqs. (20)
and (22) provide a more convenient way for solving a particular
problem.

Furthermore, the analytical expression in the second line of
Eq. (22) shows that the spectral degree of coherence of the scattered
field is only related with the effective radius σI(x,y,z) of the scatterer.
When we calculate the normalized spectral density of the scattered
field by use of the following formula derived from Eq. (20):

S sð Þ rs;ωð Þ
S sð Þ rs0;ωð Þ = exp − k2

2
sx−s0xð Þ2σ2

μ x + sy−s0y
� �2

σ2
μ y + sz−s0zð Þ2σ2

μ z


 �( )
;

ð24Þ

we can find it is only related with the correlation length σμ(x,y,z) of the
scatterer. It is another important exhibition of the reciprocity relations
and is surely available when light is scattered by quasi-homogeneous,
isotropic media.

3. Conclusions

In conclusion, we have obtained the analytical expressions of the
three-dimensional spatial Fourier transforms showing the reciproc-
ity relations for the scattering from Gaussian-correlated, quasi-
homogeneous, anisotropic media. We also find that the spectral
degree of coherence of the scattered field is only related with the
effective radius of the scatterer and the normalized spectral density
of the scattered field is only related with the correlation length of
the scatterer. The findings may have potential applications in
scattering theory.
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