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The separability of Coulomb and phonon scattering processes in inversion layers of metal-oxide—semiconductor field-effect-
transistors (MOSFETs) was studied. The effect of finite collisional duration due to phonon scattering was considered in the
evaluation of Coulomb scattering-limited mobility to investigate the relationship between the separability of Coulomb and
phonon scattering processes and the long-range nature of Coulomb potential. It was found that the condition under which
Coulomb scattering is separated from phonon scattering is determined by the relationship between the screening length due to
free carriers in the inversion layers and the phonon mean free path. It was also found that the long-range component of the

Coulomb potential is effectively cut off by phonon scattering.

[DOI: 10.1143/JJAP.44.1682]

KEYWORDS: Matthiesen’s rule, Coulomb scattering, phonon scattering, finite collisional duration

J

1. Introduction

. The importance of understanding the carrier transport
properties in inversion layers of metal-oxide-semiconductor
field-effect-transistors (MOSFETs) is increasing due to the
aggressive scaling down of device sizes. Generally, the
scattering mechanisms determining the carrier transport
properties in MOS inversion layers are characterized on the
basis of three -scattering components, namely, Coulomb
scattering, phonon scattering, and surface roughness scatter-
ing,D which are characteristic of the low-, intermediate-, and
high-effective-electric-field regions, respectively. Conven-

tionally, this type of classification of scattering components

has been performded on the basis of Matthiessen’s rule,'?

which is the basis for the understanding of carrier transport
properties in inversion layers of MOSFETs.

Matthiessen’s rule is founded on the assumption that total
scattering rate is expressed as the sum of the scattering rates
of individual scattering components. This assumption holds
under the condition that scattering events occur locally and
are short-ranged. However, when a scattering event is long-
ranged; the effect of finite collisional duration cannot be
neglected. In such a case, each scattering component cannot
be treated separately and is affected by other scattering
components. Therefore, the validity of Matthiessen’s rule
must be re-examined from the viewpoint of the role played
by the finite collisional duration in scattering processes. In
this study, we investigate the physical basis of the
separability of the scattering components in the inversion
layers of MOSFETs beyond Matthiessen’s rule, by consid-
ering the Coulomb and phonon scattering as examples. By
considering the effect of the finite collisional duration due to
phonon scattering in the evaluation of Coulomb. scattering-
limited mobility, the separability of Coulomb and phonon
scattering processes is examined on the basis of the
relationship between the long-range nature of Coulomb
potential and the finite collisional duration.

The paper is organized as follows. Section 2 shows how
the finite collisional duration is considered in the evaluation
of Coulomb scattering through the phonon mean free path,

"E-mail address: takamnitsu.ishihara@toshiba.co.jp

while §3 explains the formulation of Coulomb scattering in

the inversion layers of MOSFETs. Section4 describes

calculation results, and finally, §5 presents the conclusions.

2. Effect of Finite Collisional Duration on Scattering
Rate ‘

The consideration of the finite collisional duration due to
phonon scattering in the evaluation of Coulomb scattering is
the key in the study of the separability of Coulomb and
phonon scattering processes. In this section, the formulation
for considering the phonon lifetime (phonon mean free path)
in the mobility limited by Coulomb scattering (i) 18
briefly explained. We start with the equation of motion for

the density matrix>¥
T |
L= _[H, 0l =iLp. 1
iy pl=ilp @M
H is the Hamiltonian of the system and is expressed as
H=Hy+H;, @

where Hy and H; are the unperturbed and perturbed
Hamiltonians, respectively. In addition, the projection
operator P for operator A is defined as

(UIPAImY = (L|AIm) S, 3
(P Almy = {UAIm)(1 = 8. )

Using- the projection operator P thus defined, eq. (1) is
transformed into the following equation when Pp = pq4

3 ! .

% = PiLp + PiL / dre " LPiLP (1)

. 0 ' )
+ PiLe™ P py. ' (5
Using the relations

ilyP =0, (6)
Pilg =0, N
PilL P =0, )
PiLP =0, )

for operators Ly and L, defined as
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. 1 :
iLlop = — [Hy, pl, (10)
ih
1
iLip = —[Hy, pl, 1
iLip = — [, p] an
we obtain
apP : \
-,—p = PiL, / dre L Pp. (12)
ar 0
In deriving eq. (12), we assume
Ppy=0. 13)

This equation indicates that the nondiagonal part of the
distribution function is neglected. If we treat H; as a small
perturbation, we obtain
3 d .
4 _ pir, / dre™ L, py(T)
at 0
in the lowest order approximation. The right-hand side of
eq. (14) can be rewritten as )
1 0
) dsP[H(O)H\(s)pa(t + ) + palt + HH1(HH(0)
—t

= Hy(0)pa(t + YH1(s) + Hi(9)pat + HH(O]. (15)

When we assume the Markov process in which the change in
the form of distribution function during collision is neglect-
ed, the time dependence of p, is assumed to be weaker than
that of H;(s), and the following substitution holds:

palt + 5) = pa(t).

Moreover, if we express the Schrédinger equation for the
unperturbed state as

(14)

16)

Hopy = Eiy, (amn

the matrix represenfation of eq. (15) becomes

1 . ' )
- Z ;li. /0 ds(e"s(El*Em)/lrl + eS(E,'—Enx)/lh)i (llHl [m) 12
n -1

x [{lpOIl) — (mlp(®)im)]. (18)

When eq. (18) is integrated with respect to time, the well-
known expression

2h . ((El - Em)t)
(EI - Em) s h

is obtained. When the collision is assumed to decay faster in
time, the lower limit in the integration range in eq. (18) can
be made ~o¢ and the following substitution holds:

2 . [AE:
———sm(—%—) — 278(AE).

a9

(20

Thus, the usual collision term of the Boltzmann equation is
obtained.

However, the assumption such as eq. (20) does not-hold
anymore for a long-range interaction such as Coulomb
interaction. For such a case, the finite lifetime during the
collision is not neglected and we include the finite lifetime
by introducing the decaying function in the uncertainty in
the energy of the transition rate as

E,—E—->E,—~E<£il, 2n

where I' is the decaying function. It should be noted here
that the decay of eigenstates cannot be considered by the first
principle based on eq. (12). To consider the decay of the
eigenstates in the present level of transport theory, there is
no way except for including the decaying function manually
as in eq. (21). In this study, we define

h
=

, (22)
Tphonon '

since we consider the finite collisional duration due to
phonon scattering, where Tphonon 18 the relaxation time due to
phonon scattering. Thus, eq. (18) can be rewritten as

1 s g
— Z h_z. /0 ds(e“~5‘(El"E:n+’r)/m + eS(E‘-—b,,,—lr)/lfl)l (l]H] im) lZ
m ~t

x [{llpil) — (m|p(r)im)].

By integrating eq. (23) with respect to time and considering
the limit 1 — o0, we obtain

(23)

ilm )l = ~ 2r 1 Vi
& ’ - m 7 m H i linl)l
x [l — (mlpD)m)]. 24)

Thus, the effect of the finite collisional duration due to
phonon scattering has been formulated in the form of
spectral function.

It should be noted here that the actual correlation between
Coulomb scattering and phonon scattering is more complex
than that formulated above. Although we have considered
only the effect of the finite collision duration due to phonon
scattering on Coulomb scattering, the finite collision
duration due to Coulomb scattering also affects the Coulomb
scattering rate. Therefore, the effect of the finite collision
duration due to Coulomb scattering as well as the finite
collision duration due to phonon scattering must also be
considered in the formulation. By considering these facts,
the total scattering rate is considered to be determined by
certain self-consistent relations. On the other hand, the
present analysis corresponds to .the first-order iterated
calculation that considers only the effect of the finite
collision duration due to phonon scattering on Coulomb
scattering and ignores the complex correlations between
Coulomb scattering and phonon scattering beyond this first-
order calculation. Since our first-order iterated calculation is
not formulated to consider self-consistently the effect of the
finite collision duration due to both the phonon and Coulomb
scattering processes on the same ground, our first-order
iterated calculation may overestimate the effect of the finite
collision duration when the effect of the finite collision
duration due to Coulomb scattering is considered in the
evaluation of the Coulomb scattering rate. A unified

‘formulation, which enables us to consider the finite collision

duration due to both the phonon and Coulomb scattering
processe self-consistently, is required in confirming the
validity of our first-order iterated calculation. Since we do
not have such a unified theory, we have not considered the
effect of the finite collision duration due to Coulomb
scattering.’
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3. Formulation of Mobility Limited by Coulomb Scat-
tering

In this section, the formulation of the mobility limited by

Coulomb scattering, pes, for the inversion layer of MOS-

FETs is briefly explained.” For substrate impurities with
density N,, Poisson’s equation, which determines the
potential distribution responsible for Coulomb scattering,
Yres(T, 2), 18 expressed-as

V@) Vifiaslr, )] = & { Y SR —R)ls — NA}

2€si

=Y s, @s)
ik
where
ﬂ’;s(r) = / Az (T, :)gf(z), (26)

and g; k(z) is the carrier density in the substrate of subband i at
valley k. s¥ is the screening parameter for the subband i in
the valley k and is given as

py 22Nk ~

L 27
;= dqd SenER 27
where Ef = kT (1 + e™)in(1 + ™), x = (Ef ~ E¥)/KT, andt

N is the two-dimensional surface carrier concentration on
the surface of the substrate and is expressed as

ik gk _ ik
“(r) n, ;nd F()(EF E el//rcs(r))( (28)

ksT

where Ep is the Fermi level and Fy(x) = in{l + ). Ny =
Y ix Nix is the surface carrier concentration and Ny is the
impurity density in the substrate. (R — R;)|s; indicates the
i-th position of the impurities in the substrate. It should be
- noted here the reason of the use of the expression of §(R —
R;)ls; — Na instead of 8(R — R))lg;. The reason that we have
expressed the charge density, which is responsible for
Coulomb scattering, as (R — R;)lg; — Na. is that what
actually scatters the electrons is the spatial variation of the
charged centers in a plane parallel to the interface.®’ In an
ideal model in which charged centers are uniform charge
sheets, the electrons in. the inversion layer would not be
scattered by charged centers.

We evaluate u.; on the basis of relaxation time
approximation. By introducing the notation

PR =) "SR ~R)lsi =~ Na, (29)

eq. (25) is rewritten as

V() Vifrees(r, 2)] = epS (R) + 265 Zs v* gk . 3

By multiplying both sides of eq. (30) by exp(iq-r) and
integrating over r, we obtain

a ] ! .
(5— () — — e(z)qz)A(q, 2) = ep(q,2)
4 az

+26 Yo [da@ng@. 6D
ik

in which we have introduced the Fourier transformation
s
Pexi(Q.2) = / dr explig - ©)p3h(r, 2),

Alg.2) = /dl" explig - F)V¥e(r, 2). (32)

To solve eq. (31), we introduce the Green function Golz, 2)
that satisfies

(1”-6()3 2VGy(z,7) = 8 ). 33
5 <@ az~€(z)q) (2.2) =8z —2). (33)

Expressions for G,(z.7) have been given by Fischetti.” By
multiplying both sides of eq. (31) by G,(z, z’) and integrating
over 7, we obtain

Alq,2) = 6/617 (03 (a. z))G (z2)

+ ¢ Zsf’A,-k(q) / d7Gyz,)gN(7), (34
¥ -
where

A = / d2A(g, 8. (35)

By multiplying both sides of eq. (34) by g}’-(z) and integrating

over z, we obtain
Allgy=e / 7 0o (9, 2)G (g, )
+ 2€4 Zk sFAN @G (), (36)
where |
Gle. ) = f 4Gz, 2)gi(@),
Gi(g) = / dzgi(@) / a7 gl ()G, (z, z.'). (37

Using Al(q), the momentum relaxation time o is
expressed- as

1 1
e dk'(1 — cos M€’ — €) eA 38
e 5 = o ¢ leA(@)l. (38)
where g = [K' — k| and I'(¢) is usually given by
'€ =€) = 8( —¢€). (39

Since the aim of the present study is to investigate the
separability of Coulomb and phonon scattering processes
beyond Matthiesen’s rule, the effect of the finite
collisional duration due to phonon scattering must be
considered in the evaluation of ... In this study, we
include the finite collisional duration due to phonon
scattering in the evaluation of Coulomb scattering rate
through the following spectral density function derived in
the previous section

I )= ] A 1 ‘
€ —€
' 77 Tphononl€ ~ hl
phono ( ) (€ — e +

(40)

phumm(él)
Here, Tpnonon is the relaxation time due to phonon scatter-
ing 10
Under this assumption, frs is separated into the contri-
bution from subband 0, w’ . and the contribution from
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subband ', %

res» and is expressed as

_ i
Hics = Z N’H“rcs’
i=0.0"

4D

where N is the occupancy for each subband i = 0,0". u!, is

calculated from the relaxation time 7/ as

i
Mi — e(rrcs
TCS i
me

= , 42)
where m! is the conductivity mass of subband i (= 0,0).
The average relaxation time (7’ ) is given by

Ics

' = ) (43)
/ JodE
E

where Ey and Ey denote the subband energies for i = 0 and
i =0, respectively, and f; denotes the Fermi distribution
function. The momentum relaxation time 7’ for subband i is

given as:
1 /2” 1 —cosé
—_—e T &= T d@,
Tres (e) 0 Ty (e,0)
where g = 2ksin(8/2) and tﬁcs(e, 8) is obtained by solving
eq. (38). iy for charges located on the substrate surface is
formulated in the same manner.

In this study, we assume only 2-subband(0, 0') occupation,
because the integration in eq. (38) is time-consuming. We
assume the bulk MOS structure in the analysis. The phonon
mean free path is calculated using the relaxation time of
phonon scattering (Tphonon)» using the results of the subband
calculation, such as the subband energy, the electron
occupancy and the eigenfunctions in each subband. Twenty
subbands have been considered in the subband calculation,

o

<t;cs> =

(44)

4. Results

Figure 1 shows a comparison of the calculated . 's due.

to the scattering by charges located on the substrate surface
with and without the phonon lifetime. The figure indicates
that pi is larger with the phonon lifetime than without the
phonon lifetime in the low-N; region, whereas the difference

1 L) I‘IIJI"I‘I L3 T lllll‘l T A T 1117
. L = 15 o3
| —— with phonon lifetime ~ New=3x10"* cm?
k- - -~ without phonon lifetime
3
>
S~
iy
=
G
<
2 10 em 4
S g 3
8 [ .- ]
=. p
------- =k ]
F--mTTT 0 Ngp=1x10% cm® 1
1 bt i) PR | S b
1x1010 ix10Q* 1x1012 1x1013
Ns (cm?)
Fig. 1.  Comparison of the calculated ur’s for charges at the interface

between substrate and gate oxide with and without the phonon lifetime as
a function of surface carrier concentration, N;.

T ]Ill||ll T T T T IiET

N,,,=3x10'5 cmd]

Y‘(‘III]’ Ll

1000 _—-—— with phonon lifetime
----- without phonon lifetime

Pres{X10% cm? / V-s)

N,y,=3x1017 cm-3

F Ngp=1x10"8 cm3

suD

kgt aas ) L

1x1Q72

et s el :
1x10"
Ns (em?)

I NS T

1x1013

Fig. 2. Comparison of the calculatecd jiees’s for substrate impurities with
and without the phonon lifetime as a function of surface carrier
concentration, N;.

1x10% T

r T Ty
3 4
. Ix10% Ng,p=3x10"% cm® 3
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2z N =3x10"7 cm3 ]
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W0E e
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Fig. 3. Comparison of the screening length and the phonon méan free path
for the lowest subband O as a parameter of the substrate impurity
concentration.

between the two values is small in the high-N; region. The
same behavior is also observed in Fig. 2, where p. values
due to scattering by the substrate impurities with and without
the phonon lifetime are compared. To understand the
behavior observed in Figs. | and 2, the two length scales
in the system must be considered: the screening length due
to carriers in the inversion layer and the phonon mean free
path. The interrelationship between these two length scales .
determines the magnitude of . Thus, the behavior
observed in Figs. 1 and 2 is closely related to the N,

. dependence of the screening length and the phonon mean

free path and is explained as follows.

Figure 3 shows a comparison of the N, dependences of the
screening length due to carriers and the phonon mean free
path for subband O. This figure indicates that the screening
length due to the free carriers in the inversion layer in the
low-N; region is greater than the phonon mean free path. It
should be noted here that a large screening length indicates a
weak screening effect. From Fig. 3, it is found that the
Coulomb potential in the low-N; region is long-ranged due
to a large screening length. In this case, the effect of finite

_collisional duration becomes more significant, and as a

result, the Coulomb potential in the low-N; region is
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effectively cut off by phonon scattering. Therefore; the
magnitude of p.. becomes larger than that without the finite
collisional duration. This finding indicates that Coulomb
scattering cannot be separated from phonon scattering in the
low-N, region.

On the other hand, for the high-N; region, the screening
length due to carriers becomes smaller than the phonon
mean free path, and the effect of the finite collisional
duration due to phonon scattering becomes weak: As a
result, the effect of phonon scattering on Coulomb scattering
becomes almost negligible, and the Coulomb and phonon
scattering processes are separated properly in the high-N
region.

The Ny dependence of the. difference between p,.; with
and - without the finite collisional duration by phonon
scattering is also attributed to the dependence of the
screening length due to carriers on Ngp. The screening
length for the low-Ngy, region is greater than that for the
high-Ng,p region. This finding indicates that the Coulomb
potential has a greater interaction range in the low-Nyy
region than in the high-Ny,, region. Therefore, the effect of
the finite collisional duration due to phonon scattering is
greater in the low-Ngy, region than in the high-Ng,, region,
and the effect of phonon scattering on Coulomb scattering is
also enhanced in the low-Ny, region.

On the basis of these observations, the condition that
ensures proper separation between Coulomb and phonon
scattering is expressed as

I Scr

(45)

<<

lmfp = b
where I, is the screening length due to the carriers in the
inversion layer and lng is the phonon mean free path.
However, for the low-¥, and low-Ng, regions, eq. (45) does
not hold because of the large screening length due to
carriers. Thus, the separability of Coulomb and phonon
scattering processes has been related to the two character-
istic length scales: the screening length due to free carriers in
the inversion layers and the phonon mean free path. Because
the phonons effectively cut off the long-range component of
the Coulomb potential, this component of the Coulomb
potential does not affect the transport properties in the
inversion layers through the collisional term in the Boliz-
mann equation.” This behavior suggests that it is more
appropriate to treat the long-range- component of the
Coulomb  potential in the drift term than in the collisional
term of the Boltzmann equation.'"!?

It should be noted here that in the region where a proper
separation between the Coulomb and phonon scattering
processes is not obtained (at. the Jower ends of the low-Neyp
and low-N; regions), the extraction of only p.s is not
possible in the strict sense. Since actual correlations between

the characteristic length scales may be more complex than
those indicated in this study, a unified theory is required in
formulating a scattering model under the condition in which
a proper separation between the Coulomb and phonon
scattering processes is not obtained. Although the details of
the interrelationships between the separability of scattering
components and the characteristic length scales in the
system require further investigation,'” the present study
provides certain insight into this issue.

5. Conclusions

The physical basis of the separability of Coulomb and
phonon scattering processes was quantitatively examined by
investigating the effect of the finite collisional duration due
to phonon scattering on Coulomb scattering in MOS
inversion layers. It was found that the condition under
which Coulomb scattering is separated from phonon scatter-
ing is determined using the relationship between the screen-
ing length due to the free carriers in the inversion layer and
the phonon mean free path. In the region where the
screening length due to the free carriers in the inversion
layer is greater than the phonon mean free path, the phonons
effectively cut off the long-range component of the Coulomb
potential. On the basis of this finding, it was also found that a
proper separation between the Coulomb and phonon scatter-
ing processes is not obtained at the lower ends of the low-
Ny and low-N, regions.
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