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A simple model is proposed to examine the isotopic yields of the fragments from binary fission. For a given
charge partition the peaks and widths in the isotope distributions are studied both with the liquid-drop model
and with shell modifications. The basis for isoscaling is also explored. The symmetry energy plays a dominant
role in both the distributions and the isoscaling behavior. A systematic increase in the isoscaling parametera
with the proton number of the fragment element is predicted in the context of the liquid-drop model. Devia-
tions arising from shell corrections are explored.
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Recent studies have explored the role of the symmetry
energy in governing the isotope yields in a variety of nuclear
reactions, including deep-inelastic collisions, evaporation
following excitation, and multifragmentation[1–3]. This pre-
vious work examined the basis for the experimental signal of
isoscaling. This signal is seen when ratios are calculated for
the yields of isotopes from reactions in systems of similar
energy but differentN/Z values. The isoscaling signal is
present when these ratios,R21sn,zd, display the simple form

R21sn,zd ~ expsan + bzd. s1d

Here n and z are the neutron and proton numbers of each
nuclide produced in the two reactions for total systems which
are characterized by the labels 2sheavierd and 1 slighterd.
Isoscaling has been observed in all of the above mentioned
reactions, and one of the unifying features has been the
dominant role of the symmetry energy. Because of this, iso-
scaling has been proposed as a signal to be used in exploring
the symmetry energy.

In this paper, we examine the basis for isoscaling in the
yields of fragments in binary fission. This process differs
from other reactions in that it involves low energies and is
strongly constrained by mass and charge conservation. The
former eliminates preequilibrium effects, and the latter well
characterizes the portion of the system which remains after
the observed fragment leaves the total system, i.e., the
complementary fragment. Furthermore, in fission, as com-
pared to other reactions, the observed fragment can represent
an appreciable portion of the total system.

The question of relative isotopic yields is particularly rel-
evant to the task of finding efficient methods for populating
nuclear species far from the valley of stability. Interest in that
subject is prompted by the goal of producing isotopes near
the neutron drip line[4–6]—a region which includes nuclei
important for ther process of nucleosynthesis.

We first propose a simple model for estimating the isoto-
pic yields and use this model to study isoscaling. The model
suggests a dominant role for the nuclear symmetry energy, as
was the case with the other reactions studied. We demon-
strate that this model is consistent with fission data in the
literature [7], and show how it can provide for isoscaling

when the ratio is taken of the yields of isotopes from the
fission of different parent nuclei.

We begin by assuming that, in the fission process, an ex-
cited nuclear system divides into two fragments, each char-
acterized by proton and neutron numbers. These fragments
may be excited and lose a few additional neutrons by evapo-
ration after fission. Our goal, however, is to predict the iso-
topic distributions of the primary partition. Thus, detailed
comparison with data may require modification to account
for evaporation which leads to the fragments which are ac-
tually observed.

We assume that the isotopic yields in the fission fragments
are governed by the conditions at scission. A detailed model
[8] following this approach has previously been examined in
the literature. In this work, however, we are concerned with a
special feature of the processes, namely, how the neutrons of
the fissioning system are partitioned between the two frag-
ments, given the partition of the protons. The partition of
neutrons provides the isotopic distribution of each element.
We assume that, at scission, the system is in equilibrium so
that the probability for a given partition is given by the Bolt-
zmann factor exps−Epart/Td. The energyEpart consists of
terms which reflect the binding energy of the individual nu-
clei of the scissioning pair, and also terms related to the
interaction between the members of the pair. Whereas the
interaction terms(including the long ranged Coulomb inter-
action) are important for the charge partition, we assume that
they only play a small role in determining the partition of the
neutrons. Thus, for finding the relative isotopic yields for a
given element, we ignore the interaction terms and assume
that the neutron distribution is provided by the binding ener-
gies,BEi, of the two fragments divided by a temperatureT.
Thus, for a given charge partition

Ysz1,n1:z2,n2d ~ exphfBE1sz1,n1d + BE2sz2,n2dg/Tj, s2d

wherez1+z2=Z andn1+n2=N, andZ andN are charge and
neutron numbers of the fissioning system. For the fission of
heavy elements both fission fragments are neutron rich. Thus
the respective variations in the associated neutron number
for the two systems will influence the binding energies in
opposite directions, i.e., more neutrons for fragment 1 will
reduce its binding energy, and, correspondingly, fewer neu-
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trons for the complementary fragment, 2, will raise its bind-
ing energy. Under the assumption of Eq.s2d, the maximum
in the neutron distributions for a given proton partition will
occur when

] fBE1sz1,n1d + BE2sz2,N − n1dg/] n1

= ] BE1sz1,n1d/] n1 − ] BE2sz2,n2d/] n2 = 0. s3d

We will first study the case when the binding energies are
modeled by the terms in a global liquid-drop model—
volume, surface, Coulomb, and symmetry—with conven-
tional coefficients[9]. Following this, we will examine the
effects produced by the addition of shell corrections. Using
the liquid-drop terms alone we find that the overwhelmingly
dominant contribution to the changes in the two binding en-
ergies is provided by the respective symmetry energies. With
this term alone the requirement that the total binding be a
maximum leads to the condition thatsz1/a1d=sz2/a2d
=sZ/Ad. This follows directly from Eq.(3) with the specific
dependence of the symmetry term on neutron number given
by fsn−zd2/ag. The maximum of the isotope yields will be
far from the valley of stability since the fissioning systems
generally are more neutron rich than either of the most stable
isotopes of the resulting two elements. If, in addition to the
symmetry term, the volume, surface, and Coulomb terms of
the liquid-drop formula are included in the respective bind-
ing energies, the predicted positions of the peaks of the iso-
tope distributions are found to shift by less than 1 u(neu-
tron). We will show below that the maxima can be further
shifted by the addition of the shell contributions to the bind-
ing energy. The observed peaks corrected for secondary
evaporation, do indeed show[10] that the maximum is ex-
tremely close to the value arising from the symmetry energy
alone. This confirms the dominance of that term. We note
that in all observed cases the maximum in the isotope distri-
bution, as expected, is well removed from the valley of sta-
bility.

In addition to estimating the peak in the isotope distribu-

tion, we also can estimate the widths for the distributions
with Eq. (2). A value for this quantity can be found by ex-
panding the total binding energy, given by the respective
liquid-drop estimates, about the peak values. One finds here
that the symmetry energy term is again dominant. In fact
while the other terms in the liquid-drop contributions move
the peak position slightly, they have no noticeable effect on
the width. We thus obtain a good approximation for the
Gaussian widths from the symmetry terms alone,

s−2 = 8sCsym/TdsZ/Ad3fZ/sz1z2dg. s4d

Here Csym is the coefficient of the symmetry term in the
binding energysgenerally on the order of 23 MeVf9gd andT
is the equilibrium temperature introduced above.

In Figs. 1(a) and 1(b), we compare the observed distribu-
tion for the independent yields of complementary fragments
of Z1=30 andZ2=62 obtained from the asymmetry fission of
234U following the absorption of 14 MeV neutrons on233U
[7]. The lines in the figure indicate the predictions using Eq.
(4) with three values of temperature,T=1.7,1.8, and
1.9 MeV. In each of the two distributions the peak positions
of the calculations have been shifted(0.75 mass units for the
lighter element and 2.0 mass units for the heavier element).
These shifts probably reflect the effects of evaporation. The
slight asymmetry in the observed distributions, where dimin-
ished values are found for the most neutron-rich isotopes, is
also consistent with the greater tendency for the very
neutron-rich primary isotopes to lose more neutrons by
evaporation. The values for the fitting temperature are con-
sistent with excitation energies of 35–40 MeV[11]. Ground
state Q values and TKE systematics[12] would provide
about 20 MeV. Additional energy is introduced by the neu-
trons to provide the excitation indicated.

We next take up the phenomenon of isoscaling and begin
the study within the context of the liquid-drop model. We
predict that isoscaling will occur and derive expressions for
the values for the parametera in the exponential expression
of Eq. (1). In the study of isoscaling in other types of reac-

FIG. 1. Neutron distribution for two comple-
mentary fragments from the fission of234U. (a)
Z=30; (b) Z=62. Points from Ref.[7]; curves
calculated from Eq.(4) with T=1.7,1.8, and 1.9,
and peaks shifted from symmetry energy values
by 0.75 MeV in(a) and 2.0 MeV in(b).
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tions simple arguments based on the liquid-drop model were
sufficient to obtain a good understanding of the isoscaling
signal. This signal was even used to learn about the symme-
try part of the energy[1].

As a concrete illustration we compare the isotope yields
for two fission processes, one for239U and the other for234U,
characterized as heavyh and light,. In calculating the iso-
scaling ratiosRh,sn1,z1d for the isotopes of neutron number
n1, and proton numberz1, the factors in the expression for
yield in Eq. (2) which involve BE1sz1,n1d cancel, and the
properties of the complementary fragments, which are differ-
ent for the two fissioning systems, determineRh,,

Rh,sz1,n1d ~ exphfBE2h
sz2h

,n2h
d − BE2,

sz2,
,n2,

dg/Tj. s5d

Here z2h
=Zh−z1, z2,

=Z,−z1, n2h
=Nh−n1, and n2,

=N,−n1.
To reiterate, the individual isotope distributions depend on
both of the binding energies, but, in the ratio of the yields,
only the binding energy of the fragments, which are comple-
mentary to the one whose yield is considered, are important.

To determine the isoscaling parametera, we consider the
change inRh, with the change inn1. This is directly related
to the difference in the separation energies of the two
complementary fragments. The parametera is thus well ap-
proximated from the symmetry energy term by

a = 4sCsym/TdfhsZ, − zd/sA, − adj2 − hsZh − zd/sAh − adj2g.

s6d

Here A, and Z, are the respective mass and charge of the
lighter fissioning system andAh andZh the mass and charge
of the heavier system, whilea andz are the mass and charge
of the specific isotope whose yields are compared in the ratio
Rh,. For the specific case of fission from two isotopes of a
given elementsZd with masses given, respectively, byAh

sheavyd and A, slightd, the prediction fora is well repre-
sented by the approximate expression

aszd = 8sCsym/TdsAh − A,df2Z/sAh + A,d3g/sZ − zd. s7d

Notice that the predicted value ofa increases withz. This
type of variation was not noticed in other types of reactions
since the charges of the observed fragments did not cover as
large a portion of the entire system as they do in the fission
process. Using as an example the fission of239U and 234U,
we show in Fig. 2 the values ofa obtained from Eq.(6). The
plot clearly shows thez dependence. The curves represent
three values of temperature, 1.7, 1.8, and 1.9 MeV. These are
the same values shown in Fig. 1 for predictions of the iso-
tope distributions. It is known that the effective symmetry
coefficient contains surface effects[9] and thus depends on
the mass of the nucleus in consideration. Under this circum-
stance it is theCsymsad for the complementary fragment
which determines the value ofa in Eqs.(6) and (7). In Fig.
2, we used the values ofCsymsad provided by parameters
from a recent study[13].

The discussion up to this point has been based on the use
of the liquid-drop model for the binding energies of each of
the binary fragments. This procedure provided the predic-
tions for the isotope distributions and also for the isoscaling

parametera. For the case of fission, however, there may be
additional features. These arise from the fact that the energy
is relatively low and from the constraints of mass and charge
conservation which control the features of the system
complementary to the observed fragments. We discuss two of
these effects next.

The exact configuration of the fragments and their defor-
mation at scission is not known. We assume, however, that
the contributions to the liquid-drop energies will be little
affected by these considerations. However, additional de-
tailed structural features, such as shell effects, can also affect
the binding energies, but they may be more influenced by the
specific nature of the scission configuration. It is, nonethe-
less, instructive to explore the possible influence of shell
corrections, even if the exact form is unknown. For this pur-
pose we have examined the differences between the values
of the binding energies tabulated in the literature[14] for free
nuclei and the predictions of the simple liquid drop. This
gives an indication of the role of such effects. The differ-
ences in binding energies include pairing corrections as well
as contributions arising from the closing of nuclear shells.
We nonetheless refer to these differences here as “shell cor-
rections,” and note that actual effects at scission may differ
from those for free nuclei.

For the fission fragments of interest, one finds, as ex-
pected, that the differences are greatest in the vicinity of
magic numbers for the neutrons, 50 and 82. One of the con-
sequences of the shell contributions to the binding energies is
a shift in the location of the peaks of the isotope distributions
from the values predicted by liquid-drop considerations.

We consider the situation for the fission of234U, as an
example. In Fig. 3(a), the size of the shifts in the peaks in the
isotope distributions relative to the values predicted by the
symmetry energy alone are plotted. We have calculated the
peaks of the isotope distributions assuming that yields are
governed by expsBE1+BE2d /T, and we have taken the val-
ues ofBE for each nuclide from standard mass tables[14].
This procedure can only be performed for a limited number
of isotopes because the tables are incomplete. The values for

FIG. 2. Calculated values of isoscaling parametera as a func-
tion of the proton number of the fission fragments from239U rela-
tive to 234U obtained from Eq.(6) with T=1.7,1.8, and 1.9 MeV
(top to bottom).
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the shifts show opposite signs for the heavy and light mem-
bers of the pair of fragments as required by particle conser-
vation. Only results for evenz are shown to suppress addi-
tional fluctuations due to pairing. One finds that the largest
mass shifts are<3 units, and these occur for the pair with
charges equal to 50 and 42. This case occurs when the charge
for the heavier fragment is 50 which has, at the peak of the
isotope distribution, a neutron number of 82(a closed shell).
For other pairs of fragments, the shift in the peak is smaller.

The differences in binding energy(tabulated energies mi-
nus liquid-drop energies) have been evaluated for isotopes at
the peaks predicted by the tabulated energies. These differ-
ences are plotted in Fig. 3(b). The largest difference also
occurs for the pair with charges equal to 50 and 42 where the
change in energy is<8 MeV.

The shell corrections are found to modify the prediction
for the width of the isotope distributions from values ob-
tained using the symmetry energy alone. This modification is
found to give a reduction on the order of 20% in width for
the fragments for the binary pair with charges 50 and 42.

We next examine how the shell corrections affect the iso-
scaling signal. With only the liquid-drop contributions, the
dependence of logefRh,sn,zdg on n for the yields for a given
z is approximately linear(assuming the temperatures at sciss-
ion are the same). That is, for a givenz the ratio is expected
to follow exps−and, wheren runs over the neutron numbers
of the different isotopes. This is a necessary condition for
isoscaling. Shell corrections can modify this behavior, how-
ever. In our model, the value ofRh, is determined by the
binding energy of the two fragments complementary to the
one whose yield is involved in the ratio. The value ofa
reflects the difference between the separation energies for
these two nuclei. These respective separation energies are
influenced by shell effects. In the case of the fissioning of
systems of different neutron number, the neutron numbers of
the complementary fragments will differ by the same value
as the difference in the total neutron numbers for the two
fissioning systems.

For the case of the yields from234U and 239U, for ex-
ample, the neutron numbers for the complementary frag-

ments differ by five neutrons. The shell closures for these
two nuclei will consequently be apparent in the yield ratios
for values ofn separated by five neutrons. Between the shell
closure values the binding energy for one of the complemen-
tary systems will be rising while the other is falling. This has
a very strong effect on then dependence of logefRh,sn,zdg.
In particular, the curves will deviate sharply from the linear
form associated with the liquid-drop case.

We have examined this effect through an example involv-
ing ratios of yields from the two uranium isotopes. The result
is a sharp change in the slope of loge(Rh,sn,zd). The shell
corrections place this change in the region of neutron num-
bers running betweenn=60 (where the complimentary frag-
ment hasN=82 for 234U) andn=65 (where the complemen-
tary fragment hasN=82 for 239U). The calculation of this
behavior for logesRh,d is shown in Fig. 4 where the tabulated
masses, rather than the liquid-drop masses, have been in-

FIG. 3. (a) Shifts in the mass number of the
peaks in the isotope distributions for fragments
from the binary fission of234U. Open circles give
the difference between peak position using tabu-
lated mass values in Eq.(2). relative to those ob-
tained with the symmetry energy of the liquid-
drop model.(b) The energy differences between
the values from mass tables and values from the
liquid-drop model for the isotopes at the peaks of
the distributions. Only fragments for evenz are
indicated in both figures.

FIG. 4. Calculated values of logefRh,sn,zdg for z
=35,38,40,42, and 45(top to bottom) from the fission of239U and
234U. Binding energies from mass tables are used in Eq.(2). The
dashed curve indicates the result forz=40 with liquid-drop masses.
The scale is in arbitrary units and neighboring isotopes are averaged
to suppress odd-even fluctuations.
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serted in Eq.(5) for Rh,. Because the mass tables are incom-
plete this procedure can only be performed for the limited
number of isotopes shown in the figure. The dash line repre-
sents the behavior of logesRh,d predicted with liquid-drop
masses. When the shell corrections are included the extrac-
tion of ana is uncertain because of the changing slope. Even
outside the region of the steep rise, the values ofRh, are still
influenced by the differences between the shell effects in the
two systems. This feature can change the smooth dependence
of a on z found with the liquid-drop masses. One would
anticipate that these deviations would be greatest for those
values ofz which involve neutron numbers in the vicinity of
60–65 where the shell effects are expected to be the largest.
In Ref. [15] Veselskyet al. [15] have presented observations
of some of these features in the fission data base of Ref.[7].
Their interpretation of the effect is, however, very different
from what we present here.

We briefly review the features we have found for the pre-
diction of the isoscaling parametera. If only the liquid-drop
energies are used for the fission fragments one would expect
to find a smooth linear dependence onn for logesRh,d and
values of logarithmic slope will vary approximately like
1/sZ−zd. If additional contributions to the energies are in-
volved, such as those arising from shell effects, the behavior
of Rh, can be radically affected. This effect makes the value
of the isoscaling parameter uncertain and this may account
for some of the effects reported by Veselsky[15]. One can
predict that this will occur in regions affected by the large
shell effects. Even for values ofn beyond that of the rapid
rise in Rh,, where the dependence returns to the liquid-drop
values, the slopes and the apparent value of the isoscaling
parametera may deviate due to the remaining influence of
the shell corrections. This can even cause the apparent values
of a to decrease with increasingz, as appears to be the case
in Fig. 4. This would occur in a narrow region aroundz
=40 for the fission of the two uranium systems. At valuesz
distant from these, the shell effects fade and the general trend
in the z dependence ofa associated with the liquid-drop
energies is reestablished.

In summary, the studies in this work suggest several prop-
erties for the isotopic yields and the isoscaling signals. Fol-
lowing from the assumption that the isotopic yields in fission
are governed by the total binding energy at scission, we have
found that the contribution from symmetry energy is prima-

rily responsible for the location of the peak value in the
isotopic distribution. For each element this peak value is pro-
vided by the ratiosZ/Ad of the fissioning system. This is well
satisfied for observed yields in the literature[10]. The widths
of these distributions have also been shown to be related to
the strength of the symmetry energy, temperature, and simple
factors depending on the proton and mass numbers of the
fragments. For the case of the two complementary distribu-
tions (Z=30 andZ=62) arising from the asymmetric fission
of 234U sZ=92d, the agreement with the independent yields
are consistent with a shift in the peak position of one or two
neutrons, and with a temperature of<1.7–1.9 MeV. This
agreement is achieved for this pair ofz values under the
assumption that the liquid-drop model well represents the
binding energies and that shell effects are unimportant. A
slight asymmetry in the tabulated independent yields is con-
sistent with increased secondary evaporation for the most
neutron-rich isotopes. The values for the temperatures are
reasonable according to the general energy balance.

The isoscaling behavior depends on features peculiar to
the fission process. The scission-energy model with liquid-
drop energies provides predictions for values of the isoscal-
ing parametera. We found thata is expected to increase
with increasing proton number of the observed element. This
increase is apparent because of the large range of elements
observed in fission. For the comparison of isotopes from the
fission of234U and239U, values ofa would range from about
0.40 to 1.0 over the accessible values ofz for the values of
temperature which provide agreement with corresponding
observed isotope distributions. Because of the low energies
and the strong constraint on the system complementary to the
observed fragments, shell effects can also affect isoscaling in
fission. The influence of shell effects especially nearN=50
and N=82 modify the isotope distribution in peak position
and in width. Furthermore the shell effects can have a very
strong effect onRh,. These corrections can make uncertain
the determination of an isoscaling parametera and they can
affect its apparent values, causing them to deviate from the
smooth behavior associated with liquid-drop binding ener-
gies.

This work was supported in part by grants from the U.S.
National Science Foundation, PHY-0070161.

[1] M. B. Tsang, W. A. Friedman, C. K. Gelbke, W. G. Lynch, G.
Verde, and H. S. Xu, Phys. Rev. Lett.86, 5023(2001).

[2] M. B. Tsanget al., Phys. Rev. C64, 054615(2001).
[3] M. B. Tsang, W. A. Friedman, C. K. Gelbke, W. G. Lynch, G.

Verde, and H. S. Xu, Phys. Rev. C64, 041603(2001).
[4] M. Bernaset al., Phys. Lett. B331, 19 (1994).
[5] G. A. Souliotiset al., Phys. Rev. C55, 2146(1997).
[6] J. Benlliureet al., Nucl. Phys.A628, 458 (1998).
[7] See http://ie.lbl.gov/fission.html
[8] B. D. Wilkins et al., Phys. Rev. C14, 1832(1976).
[9] A. Bohr and B. R. Mottelson,Nuclear Structure(Benjamin,

Reading, MA, 1969), Vol. 1.
[10] A. C. Wahl, At. Data Nucl. Data Tables39, 1 (1988).
[11] J. M. Blatt and V. F. Weisskopf,Theoretical Nuclear Physics

(Wiley, New York, 1952).
[12] V. E. Viola, K. Kwiatkowski, and M. Walker, Phys. Rev. C31,

1550 (1985).
[13] S. R. Souza, P. Danielewicz, S. Das Gupta, R. Donangelo, W.

A. Friedman, W. G. Lynch, W. P. Tan, and M. B. Tsang, Phys.
Rev. C 67, 051602(2003).

[14] G. Audi and A. H. Wapstra, Nucl. Phys.A595, 409 (1995).
[15] M. Veselsky, G. A. Souliotis, and M. Jandel, nucl-ex/0306009.

ISOTOPIC YIELDS AND ISOSCALING IN FISSION PHYSICAL REVIEW C69, 031601(R) (2004)

RAPID COMMUNICATIONS

031601-5


