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Isomer ratio measurements as a probe of the dynamics of breakup and incomplete fusion
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The incomplete fusion mechanism following breakup of 6,7Li and 9Be projectiles incident on targets of 209Bi and
208Pb is investigated through isomer ratio measurements for the 212At and 211Po products. The phenomenological
analysis presented in this paper indicates that incomplete fusion brings relatively more angular momentum into
the system than equivalent reactions with a direct beam of the fused fragment. This is attributed to the trajectories
of breakup fragments. Calculations with a 3D classical trajectory model support this. Isomer ratio measurements
for incomplete fusion reactions can provide a test of new theoretical models of breakup and fusion.
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I. INTRODUCTION

The influence of breakup on fusion and other reaction
processes is currently a hot topic for both theoretical and
experimental investigation. In the simplest framework, fusion
between two nuclei occurs when the projectile overcomes the
barrier resulting from the sum of the long-range repulsive
Coulomb potential and the short-range attractive nuclear
potential. However, the situation gets more complicated in
dealing with weakly bound nuclei, since they may break
up before reaching the target nucleus. In this situation, two
different fusion processes are possible: (i) complete fusion
(CF), defined in principle as the capture of all the mass of the
projectile by the target, and (ii) incomplete fusion (ICF), which
occurs when not all the fragments are captured by the target.
Although the reaction mechanism for well-bound stable beams
leading to CF is now rather well understood [1], currently no
theoretical model can fully describe CF and ICF in reactions
involving weakly bound nuclei [2]. The interaction between
the two (or more) breakup fragments and the target makes this
three (or more) body problem very complex.

Despite the absence of a full theoretical model, breakup
can be investigated experimentally, and the results can help in
elucidating the important parameters that must be included
in a model, for instance whether the trajectories of the
fragments after breakup affect measurable quantities. Light
stable nuclei such as 6,7Li and 9Be are suitable to investigate
the fusion and breakup mechanisms, since accelerated beams
can be produced with high intensities, they have low breakup
thresholds, and they break up into charged fragments. Reliable
interpretation of experimental measurements require CF and
ICF products to be identified unambiguously. Since CF
and ICF mechanisms lead to different compound nuclei,
clear experimental identification is possible, provided the
evaporation process following CF does not also populate
the ICF evaporation products. The products can be detected
by measuring, for example, characteristic γ rays [3–7] or
x rays [8–12] or by their ground-state α decay [13–16].
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In this paper we investigate the ICF mechanism following
breakup of 6,7Li and 9Be projectiles incident on targets of 209Bi
and 208Pb by studying the angular momentum distribution of
the ICF products. These systems were chosen because the
ICF products 212At and 211Po have high-spin isomers that
decay by α-particle emission. Both isomeric- and ground-state
cross sections could be measured, allowing the determination
of isomer ratios [17], which we define as the population of
the isomeric state divided by the population of the ground
state. The isomer ratios are sensitive to the angular momentum
distributions brought into the system. Furthermore, extensive
CF and ICF cross-section measurements are available [14–16].
Crucially, isomer ratio data are available for the α + 208Pb and
α + 209Bi [18,19] reactions. These lead to the same compound
nuclei as are formed by ICF of 6,7Li and 9Be projectiles. Thus
the angular momentum brought in for the ICF process can be
compared to those in the direct α-beam reactions, which are
well understood. The latter are referred to as the calibration
reactions.

We first carry out a phenomenological analysis of the
measured isomer ratios for the calibration reactions. This
analysis is then extended to predict the isomer ratios for the
ICF reactions to investigate the effect of the breakup on the
angular momentum distribution.

II. EXPECTED PRODUCTS AND CALIBRATION
REACTIONS

Complete fusion of 6Li, 7Li incident on 209Bi, and 9Be
incident on 208Pb produce the compound nuclei 215Rn, 216Rn,
and 217Rn, respectively. Neutron evaporation is the over-
whelming decay mode [16], producing residual Rn nuclei that
are α-active. For the ICF reactions, the At and Po evaporation
residues formed after neutron emission are α-active as well.
The different α-decay energies of the residues allow for unique
identification. Thus, CF and ICF products can be separately
identified and their cross sections can be determined by
analysis of the α-decay spectra. The only exception is the ICF
product resulting from absorption of 8Be from the possible
breakup of 9Be, which cannot be separated from CF of 9Be.
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In this work we are interested specifically in 212At and
211Po, having isomeric states at 0.223 MeV with spin 9− and
at 1.462 MeV with spin (25/2)+, respectively. Their formation
and the corresponding calibration reactions are as follows:

(i) The nucleus 6Li may break up into an α particle and
a deuteron (with a separation energy Sα = 1.48 MeV).
Capture of the α particle by 209Bi results in 213At, which
after 1n evaporation forms 212At. The corresponding
calibration reaction is α + 209Bi, where evaporation of
one neutron (1n) from the compound nucleus results in
212At as well. We do not present the results for the 211Po
compound nucleus formed by ICF of d + 209Bi, since
a calibration reaction is not available for comparison.

(ii) The nucleus 7Li may break up into an α particle and
a triton (Sα = 2.45 MeV), forming the ICF products
212At and 211Po, respectively, following evaporation of
1n from the compound nucleus. The results for 211Po
are given in the Appendix, since a calibration reaction
with a t beam is not available. The same products are
formed through the calibration reactions of α + 209Bi
and α + 208Pb, after one-neutron evaporation from the
compound nucleus.

(iii) Capture of one of the breakup fragments of 9Be (8Be +
n → 4He + 4He + n; Sn = 1.67 MeV or 5He + 4He;
Sα = 2.55 MeV) by 208Pb forms the residue 211Po after
1n/2n evaporation from the compound nucleus. This
nucleus is also formed as an evaporation residue in the
calibration reaction α + 208Pb after 1n evaporation.

III. THE EXPERIMENTAL METHOD

The CF and ICF measurements for the 6Li + 209Bi,7 Li +
209Bi, and 9Be + 208Pb reactions were carried out using
the 14 UD tandem accelerator at the Australian National
University. Most of the measurements were done with
pulsed beams, with laboratory energies ranging from 26.0 to
52.0 MeV. The experimental method is described in detail
in Refs. [14–16] and only a brief description is given here.
Beams of 6Li, 7Li, and 9Be were incident on self-supporting
natBi and enriched (>99%) 208PbS targets evaporated onto
15 µg/cm2 C foils. Recoiling evaporation residues were
stopped in aluminium catcher foils placed immediately behind
the targets. The α particles from short-lived (T1/2 � 24 min)
CF and ICF products were detected by an annular Si surface-
barrier detector. Two Si surface-barrier detectors (monitors),
symmetrically placed about the beam axis at forward angles,
were used to measure the elastically scattered beam particles,
for normalization purposes. Absolute cross sections were
determined by measuring sub-barrier elastic scattering in
the annular detector and monitors. Since the energies of the
α particles emitted by the isomeric state and ground state
for both 211Po and 212At nuclei differ by a few hundred keV,
the population of the isomer and the ground state can be
determined separately. Thus, the number of α particles from
each state represents an excellent measure of the number
of nuclei populated in each level. For illustration, typical
α-particle energy spectra for the 6Li + 209Bi and 9Be + 208Pb
reactions collected during irradiation are shown in Fig. 1. All
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FIG. 1. Typical measured α spectra collected during irradiation
for (a) the 6Li + 209Bi reaction at a beam energy of 34 MeV and
(b) the 9Be + 208Pb reaction at a beam energy of 45 MeV. The lines
are fits to the α spectrum.

the peaks can be clearly identified. The measured ICF cross
sections for the 212At and 211Po ground state and isomeric state
are given in Tables I–III.

IV. ISOMER RATIO CALIBRATION

The calculation of the isomer ratio for a particular reaction,
in principle, needs two ingredients: (i) the angular momentum
distribution of the compound nucleus and (ii) the feeding
from the compound states to the isomer and ground states.
According to Bohr’s compound-nucleus model, the latter
should be independent of the reaction forming the compound
system.

TABLE I. Ground-state and isomeric-state cross sections for 212At
formed following incomplete fusion of 6Li with 209Bi. The Ec.m. is
corrected for energy losses in the target.

Ebeam (MeV) Ec.m. (MeV) 212At (1−) (mb) 212At (9−) (mb)

28.00 27.11 0.94 ± 0.14 0.46 ± 0.09
29.00 28.06 2.32 ± 0.20 1.24 ± 0.14
30.00 29.08 5.1 ± 0.3 2.98 ± 0.24
31.00 30.04 8.7 ± 0.4 5.6 ± 0.3
32.00 30.98 11.9 ± 0.5 9.9 ± 0.5
33.00 32.00 14.9 ± 0.8 14.3 ± 0.6
34.00 32.96 16.6 ± 0.6 19.6 ± 0.7
36.00 34.92 17.3 ± 0.6 28.9 ± 0.8
38.00 36.86 16.3 ± 0.6 35.5 ± 0.9
40.00 38.81 14.6 ± 0.2 39.5 ± 1.2
44.00 42.70 10.4 ± 0.5 35.1 ± 1.0
48.00 46.58 6.6 ± 0.5 27.6 ± 0.9
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TABLE II. Ground-state and isomeric-state cross sections for 212At and 211Po evaporation residues formed
following incomplete fusion of 7Li with 209Bi. The Ec.m. is corrected for energy losses in the target.

Ebeam (MeV) Ec.m. (MeV) 212At (1−) (mb) 212At (9−) (mb) 211Po (9/2+) (mb) 211Po (25/2+) (mb)

26.00 25.02 1.58 ± 0.18
27.00 26.01 3.84 ± 0.25
28.00 26.98 8.6 ± 0.4 0.46 ± 0.09
29.00 27.95 0.73 ± 0.10 0.33 ± 0.08 13.9 ± 0.5 1.30 ± 0.11
30.00 28.92 2.20 ± 0.18 1.04 ± 0.15 20.3 ± 0.6 2.62 ± 0.17
31.00 29.89 4.53 ± 0.30 2.59 ± 0.27 25.0 ± 0.8 3.68 ± 0.23
32.00 30.86 6.9 ± 0.4 4.50 ± 0.35 28.7 ± 0.9 6.3 ± 0.3
33.00 31.77 30.4 ± 1.0 6.0 ± 0.4
33.00 31.83 9.1 ± 0.5 8.1 ± 0.5 31.8 ± 1.3 6.0 ± 0.3
34.00 32.80 11.6 ± 0.5 10.1 ± 0.6 32.2 ± 1.1 7.0 ± 0.4
35.00 33.70 31.6 ± 1.1 8.3 ± 0.6
35.00 33.77 11.7 ± 0.5 12.5 ± 0.6 31.4 ± 1.6 6.2 ± 0.5
36.00 34.70 11.2 ± 0.8 13.3 ± 1.0 30.3 ± 1.5 6.8 ± 0.6
37.00 35.50 31.4 ± 1.7 4.2 ± 0.6
38.02 36.68 11.0 ± 0.8 14.4 ± 1.1 28.3 ± 1.6 5.7 ± 0.6
39.00 37.59 25.8 ± 2.1 3.18 ± 0.69
40.00 38.63 9.2 ± 0.6 18.4 ± 1.0 26.3 ± 1.2 5.4 ± 0.4
44.00 42.53 7.6 ± 0.7 23.9 ± 1.4 19.3 ± 1.3 4.5 ± 0.7
48.00 46.34 8.4 ± 0.6 35.5 ± 1.4 17.1 ± 1.0 5.1 ± 0.5
52.00 50.23 5.6 ± 0.4 41.9 ± 1.3 14.9 ± 0.8 4.7 ± 0.3

To calculate the angular momentum distribution of the
compound nucleus it is necessary to reproduce [20] the
experimental fusion excitation function of the corresponding
reaction. For all the cases considered in this work, the CCFULL

code [21] was used to carry out a coupled-channel analysis to
fit the measured total fusion (CF + ICF) cross sections. The
parameters that define the real Woods-Saxon nuclear potential
used in the coupled-channel calculations are presented in
Table IV. For the calibration reactions the agreement between
the data and the theoretical results is excellent in the energy

TABLE III. Ground-state and isomeric-state cross sections for the
211Po nucleus formed following incomplete fusion of 9Be with 208Pb.
The Ec.m. is corrected for energy losses in the target.

Ebeam (MeV) Ec.m. (MeV) 211Po (9/2+) (mb) 211Po (25/2+) (mb)

36.00 34.40 0.65 ± 0.31
37.00 35.37 1.03 ± 0.59
38.00 36.33 7.9 ± 1.2 0.31 ± 0.12
39.00 37.29 19.0 ± 1.8 1.77 ± 0.33
40.00 38.25 32.5 ± 2.3 3.13 ± 0.86
41.02 39.22 50.7 ± 2.5 6.7 ± 0.6
42.00 40.16 62.5 ± 3.1 10.2 ± 0.8
43.00 41.12 80.3 ± 3.9 12.7 ± 1.2
44.06 42.15 96.6 ± 3.4 17.8 ± 1.4
45.00 43.05 106.8 ± 4.0 24.4 ± 2.0
46.00 44.01 106.8 ± 4.0 36.0 ± 2.8
47.00 44.96 101.0 ± 3.8 43.0 ± 3.0
48.00 45.92 96.0 ± 3.8 51.2 ± 3.6
49.00 46.88 93.5 ± 3.9 56.5 ± 3.4
50.00 47.84 94.6 ± 3.8 51.7 ± 3.2
51.00 48.80 87.3 ± 4.1 57.8 ± 3.4

region of interest. For the reactions involving weakly bound
projectiles the experimental fusion data are well described by
the CCFULL calculations. A detailed discussion of the quality of
the fits can be found in Ref. [16]. Since the projectile and target
have nonzero spin, the total angular momentum distribution
was obtained by folding the orbital angular momentum with
the intrinsic spins. Once the angular momentum distribution
of the compound nucleus is determined, the next step requires
a complete knowledge of the decay paths to the yrast line
and states around the yrast line. Because this information is
not available, we take a phenomenological approach in this
work. The population of the isomeric state compared to the
ground state is calculated by splitting the angular momentum
distribution of the compound nucleus into two regions. The
lower angular momentum region feeds the ground state; the
higher feeds the isomer. The simplest approach would be to
apply a sharp cutoff at the angular momentum of the isomer.
However, because of neutron evaporation and the cascade of
γ rays from the compound nucleus, a spread in the angular
momentum distribution is expected. Furthermore, these effects

TABLE IV. The Woods-Saxon nuclear potential
parameters used in the coupled-channel calcula-
tions. V0 is the potential depth, R0 is the nuclear
radius, and a is the diffuseness.

System V0 (MeV) R0 (fm) a (fm)

4He + 208Pb 87 7.89 0.70
4He + 209Bi 77 7.90 0.70

6Li + 209Bi 89 8.68 0.63
7Li + 209Bi 95 8.79 0.63

9Be + 208Pb 134 8.81 0.63
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in general will also result in the angular momentum at the yrast
line being different from that of the compound nucleus. To
account for these features empirically, we calculate the isomer
ratio R, using an effective angular momentum cutoff Jeff , and
a spreading parameter δ:

R =
∑

J σ
(2)
J∑

J σ
(1)
J

, (1)

σ
(1)
J = σJ

1 + exp
(

Jeff−J

δ

) , (2)

σ
(2)
J = σJ

1 + exp
(

J−Jeff
δ

) , (3)

where the σJ correspond to the total angular momentum
distribution for a particular compound nucleus and σ

(1)
J (σ (2)

J )
represents the angular momentum distributions associated
with the ground state (isomeric state). The value of the
spreading parameter δ in the Fermi function determines the
extent of smoothing around Jeff . We assumed δ = 0.5 in our
calculations, which may be reasonable to account for the
angular momentum carried by the neutrons and γ rays. The
consequences of adopting a larger value of δ are very minor, as
will be discussed in Sec. V C. A schematic picture depicting
this procedure is shown in Fig. 2 for the 6Li + 209Bi angular
momentum distribution calculated at Ec.m. = 35 MeV. Note
that this method can only be applied to nuclei that have no
other isomeric state competing with the one of interest.

Before applying the phenomenological approach to study
the breakup reactions, it is necessary to reproduce the isomer
ratios for the calibration reactions α + 209Bi and α + 208Pb
[18,19]. As a starting point, Jeff was set to be equal to the
angular momentum of the isomeric state of the corresponding
products 212At and 211Po. In this simple description we are
assuming that all nuclei populated at an angular momentum
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FIG. 2. The solid line corresponds to the angular momentum
distribution for the total fusion of 6Li + 209Bi calculated at Ec.m. =
35 MeV. The division of population between the ground state and the
isomeric state in the phenomenological approach is indicated by the
dotted lines, for δ = 0.5 and Jeff = 9.
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FIG. 3. (a) The ratio of the yields of specific xn evaporation
channels to the total xn cross section for the α + 209Bi reaction.
(b) The measured [16] and predicted isomer ratio for 212At formed
through the α + 209Bi reaction as a function of c.m. energy. The
dashed line corresponds to the calculation using Jeff = 9 and the
solid line refers to the calculation using Jeff = 6.4. The predictions
do not match the data at Ec.m. > 22 MeV, where the 2n evaporation
channel becomes dominant (see text for details).

higher than the isomer will feed the isomeric state whereas
nuclei populated with angular momentum lower than the
isomer will populate the ground state. Using Eqs. (1)–(3)
and Jeff = 9, we show the isomer ratios for α + 209Bi in
Fig. 3(b) by the dashed line. The result for α + 208Pb obtained
with Jeff = (25/2) is represented by the dashed line in
Fig. 4. Despite the calculations having the same slope as
the data, they are roughly one order of magnitude lower.
This implies that the isomeric state is more highly populated
than is predicted by the empirical calculations. States that are
populated in fusion with angular momentum lower than the
isomer apparently have some probability of decaying to higher
angular momentum states. In the present work we empirically
account for this effect by considering Jeff as an adjustable
parameter determined from the best fit to the corresponding
experimental isomer ratio. In the 212At case Jeff = 6.4 provides
the best description for the measured isomer ratio, whereas
for the 211Po case Jeff = 10. The resulting calculations are
shown by solid lines in Figs. 3(b) and 4. Because of the
increasing slope of the yrast line with angular momentum,
angular momentum fractionation between xn channels will
occur; xn channels with fewer than average neutrons are
associated with the higher partial waves. As shown in Fig. 3(a),
the 1n evaporation channel dominates the fusion excitation
function in the near-barrier energy region (VB = 20 MeV).
The evaporation of two neutrons becomes the dominant part
of the total fusion cross section at energies beyond 22 MeV
and our phenomenological approach will predict too low
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FIG. 4. Same as lower panel of Fig. 3 but for 211Po formed in
the α + 208Pb fusion reaction. The calculations using Jeff = (25/2)
(dashed line) and Jeff = 10 (solid line) are presented in the figure.

an isomer ratio. For the α + 208Pb reaction only the 1n

evaporation cross section data are available. Considering the
similarity between the two reactions, their experimental isomer
ratios are well described by the present phenomenological
approach in the energy range where the 1n evaporation channel
dominates.

V. INCOMPLETE FUSION REACTIONS

Having determined empirically Jeff for the 212At and 211Po
nuclei, the breakup mechanism of 6,7Li and 9Be incident
on targets of 208Pb and 209Bi, which form the same nuclei,
may be investigated via the measured ICF isomer ratio. It
is assumed that the angular momentum carried after breakup
by the part of the projectile that is captured by the target is
proportional to the ratio of the mass of the fragment divided
by the mass of the projectile. Thus, the angular momentum
distribution corresponding to the ICF reaction can be defined
as the product of the total (CF + ICF) angular momentum
distribution and the ratio between the mass of fragment and
projectile. To partition the angular momentum distribution into
CF and ICF contributions to the total fusion cross section, two
extreme assumptions [22] will be made. The first and simplest
assumption is that all partial waves contribute to ICF with the
same probability. The second is that only the higher partial
waves lead to ICF. Both approaches are employed to interpret
the 211Po and 212At isomer ratio data related to the α + 208Pb
and α + 209Bi ICF reactions following breakup. The results
are presented in the following.

A. All angular momenta

In this scenario, the effective isomer angular momentum
values Jeff for the products 212At and 211Po determined from
the calibration reactions are used to split the ICF angular
momentum distribution into ground-state and isomeric-state
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FIG. 5. (a) The ratio of the xn evaporation channel to the total xn
cross section for the 6Li + 209Bi ICF reaction. (b) The solid (dashed)
line represents the results obtained with the all-angular-momenta
(high-angular-momenta) approximation with Jeff = 6.4. The dotted
line is obtained using the high-angular-momenta approximation with
� = 5 (see text for details).

regions, as shown in Fig. 2. Figures 5(b) and 6(b) show the
calculated 212At isomer ratio (solid line) compared with the
experimental data obtained from the 6,7Li + 209Bi reactions,
respectively. The calculation underestimates the data by
a factor of approximately 3 in the region where the 1n

evaporation is predominant [see Figs. 5(a) and 6(a)]. This
result indicates that the contribution of the higher partial
waves should be larger. For the 211Po isomer ratio in the
9Be + 208Pb reaction the calculations underpredict the data
for the the entire range of energy and are about two orders
of magnitude smaller than the measured data for the lowest
energy, as indicated by the solid line in Fig. 7(b). This may
be because Jeff is larger for 211Po as compared to 212At
and hence the isomer ratio is more sensitive to the higher
angular momentum component brought in. As can clearly be
seen, the all-angular-momenta approximation fails to describe
the isomer ratio data for the α + 208Pb and α + 209Bi ICF
reactions. A larger population of the isomer is required in all
reactions.

B. High angular momenta

In this approach, only the higher angular momenta con-
tribute to the ICF reactions, with the CF associated exclusively
with the remaining lower partial waves. Table V shows the
measured percentage of the total fusion cross section resulting
in CF and ICF for the reactions 6Li + 209Bi, 7Li + 209Bi,
and 9Be + 208Pb [14–16]. A partial wave value is determined,
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TABLE V. The proportion of the
total fusion cross section resulting in
CF and ICF for the reactions 6Li +
209Bi, 7Li + 209Bi, and 9Be + 208Pb,
from Ref. [16].

System CF (%) ICF (%)

6Li + 209Bi 66 34
7Li + 209Bi 71 29

9Be + 208Pb 68 32

dividing the total angular momentum distribution into CF and
ICF parts, in accordance with the fraction of the total fusion
corresponding to the ICF process (see Table V). We used a
Fermi function with a diffuseness � equal to 0.5 to allow the
cutoff to be smooth. To illustrate this procedure, in Fig. 8 we
show the calculated angular momentum distribution of the ICF
for the 6Li + 209Bi reaction at Ec.m. = 35 MeV by the vertical
hatched region. The solid line indicates the angular momentum
distribution corresponding to the total fusion cross section
(CF + ICF). This was the one used in the previous calculations
by adopting the all-angular-momenta approach.

By using the effective isomer angular momentum values
Jeff determined from the calibration reactions in Sec. IV for
the products 212At and 211Po, the isomer ratio for the reactions
6Li + 209Bi, 7Li + 209Bi, and 9Be + 208Pb were calculated. The
results for 212At are presented as dashed line in the lower panels
of Figs. 5 and 6. In contrast to the results obtained by using
the all-angular-momenta approach, the high-angular-momenta
approximation overestimates the measured isomer ratio in the
entire range of energy. Clearly, the low partial waves also
contribute to ICF and cannot only be associated with the CF
process. To verify this statement we assume a larger value for
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FIG. 7. Same as Fig. 5 but for the 211Po nucleus formed in the
9Be + 208Pb ICF reaction.

the diffuseness parameter � in the Fermi function that divides
the angular momentum distribution into CF and ICF regions
(see the horizontal hatched region in Fig. 8). By comparing the
dotted and dashed lines in Figs. 5(b) and 6(b), the agreement
between data and theoretical prediction is greatly improved
when the diffuseness is ten times larger (i.e., � = 5). This
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FIG. 8. Angular momentum distribution for the 6Li + 209Bi
reaction at Ec.m. = 35 MeV. The solid line shows the total fusion
(CF + ICF). For the assumption that the higher partial waves result
exclusively in ICF, the vertical hatched region corresponds to ICF for
� = 0.5; the horizontal hatched region is obtained with � = 5.0 (see
Sec. V B for details). The circles are obtained by including spreading
in the angular momentum distribution brought into the system by the
ICF fragments required to reproduce the experimental isomer ratio
data (see Sec. V C for details).
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result indicates that neither the all-angular-momenta nor the
high-angular-momenta approach is appropriate to describe the
isomer ratio data. For 212At formed in ICF with 6,7Li, it appears
that a condition between the two extreme approximations
can describe the measured isomer ratios. However, for 211Po,
having an isomer at higher angular momentum, the situation
is very different. The results obtained with the high-angular-
momenta approximation [dashed line in Fig. 7(b)] are closer to
the data than the results obtained with the all-angular-momenta
approximation. Nevertheless, the overall agreement between
the calculations and experimental results is still unsatisfactory.
In this case, since both approaches underpredict the measured
isomer ratios at the lower beam energies, there is no better
agreement between the calculations and data by assuming a
larger value of diffuseness � in the Fermi function that divides
the CF and ICF contributions in the total angular momentum
distribution, as indicated by the dotted line in Fig. 7(b).

The 211Po isomer ratio, sampling the higher partial waves,
indicates that angular momenta are populated beyond those
predicted by the simple scaling procedure adopted in Sec. V A
and V B.

C. Angular momentum spread

During the breakup process the energy of the projectile is
assumed to be shared between the fragments in proportion
to their masses. Since the fragments are charged, they will
experience a mutual Coulomb repulsion that will result in
a distribution of energies as well as modifying the point of
interaction (impact parameter) with the target nucleus.

To account for these effects in a simple manner the cross
section of each partial wave is folded with a Gaussian distri-
bution. The standard deviation of the Gaussian distribution,
σ , represents a free parameter, and it is adjusted to describe
the experimental isomer ratio for each reaction. An example
of this folded angular momentum distribution is shown by
the filled circles in Fig. 8 for the 6Li + 209Bi reaction at
Ec.m. = 35 MeV. As our main goal in this work is to provide a
global description of the experimental isomer ratio, we assume
that σ does not vary as a function of angular momentum and
energy for a particular reaction. Also, we should not expect
that one universal value of σ could describe the measured
isomer ratio for all reactions since the breakup mechanism
should be system dependent. However, as shown in Table VI,
for the all-angular-momenta limit the values of σ only differ
slightly.

TABLE VI. The values of σ used for folding
each partial wave (see text) that corresponds to
the best fit of the measured isomer ratio for each
breakup reaction.

System Product σall σhigh

6Li + 209Bi 212At 5.4 6.9
7Li + 209Bi 212At 4.7 7.4

9Be + 208Pb 211Po 4.7 3.2
7Li + 209Bi 211Po 5.0 3.0

100

24 26 28 30 32 34 36 38 40
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FIG. 9. (a) The measured isomer ratio for 212At formed in the
6Li + 209Bi reaction. The solid (dotted) line represents the results
obtained with the all-angular-momenta approximation with δ =
0.5 (1.0) and includes the angular momentum spreading by adopting
σ = 5.4. The dashed line refers to the calculations using the high-
angular-momenta approach and σ = 6.9. (b) Same as (a) but for
the 7Li + 209Bi reaction. The solid (dashed) line is obtained with
the all-angular-momenta (high-angular-momenta) approximation and
σ = 4.7 (7.4).

The solid line in Fig. 9(a) shows the results of calculations
by assuming the all-angular-momenta approach and σ = 5.4.
The agreement between data and calculations for 212At,
derived from the 6Li + 209Bi reaction, can be considered
satisfactory for the energy range where the 1n evaporation
channel dominates. For the 7Li + 209Bi reaction, the results
for the 212At isomer ratio are well described by the all-
angular-momenta approach with σ = 4.7, as shown by the
solid line in Fig. 9(b). For the 6,7Li-induced reactions, the
high-angular-momentum approximation already overpredicts
the isomer ratio. Adding angular momentum spreading (e.g.,
with σ = 6.9 and σ = 7.4 in Figs. 9(a) and 9(b), dashed lines,
respectively) can minimize the overall disagreement, but no
value of σ gives a good description of the data.

To verify the dependence of our simple approach on the
Fermi function that smooths the sharp cutoff at Jeff (2) and (3)
we calculate the 212At isomer ratio (6Li + 209Bi) by adopting
the all-angular-momenta approach with δ = 1.0. In Fig. 9(a)
we compare this result (dotted line) with the isomer ratios
obtained by assuming δ = 0.5 (solid line). δ = 1.0 requires
Jeff = 6.7 and σ = 5.7 to better describe the experimental
isomer ratio. Clearly, increasing δ by a factor of 2 hardly affects
the overall agreement between data and theoretical results.

For 9Be + 208Pb, probed by the 211Po isomer ratio,
σ = 4.7 gave the best agreement with the measured iso-
mer ratio using the all-angular-momenta approximation, as
indicated by the solid line in Fig. 10. The dashed line
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FIG. 10. Same as Fig. 9 but for the 9Be + 208Pb reaction.
The solid (dashed) line represents the calculation using the all-
angular-momenta (high-angular-momenta) approximation with σ =
4.7 (3.2).

in Fig. 10 represents the results obtained by assuming the
high-angular-momenta approach with σ = 3.2. The empirical
spreading in the angular momentum (which can result from
the mutual Coulomb interaction between the fragments of
the projectile) greatly affects the isomer ratio prediction. In
general, the all-angular-momenta approach provides a better
overall description of the isomer ratio data in comparison with
the high-angular-momenta limit. Obviously, a more detailed
kinematic calculation is required to quantitatively describe the
breakup mechanism.

VI. CLASSICAL THREE-BODY KINEMATICAL
CALCULATION

The fact that the breakup mechanism has a significant effect
on the angular momentum brought into the system by the
fragments during the ICF process is confirmed by realistic
calculations based on a 3D classical trajectory model [23].
In this approach the breakup of the projectile is encoded
by assuming a local breakup probability as a function of
the projectile-target separation, termed the breakup function.
This function has the same form as the integrated breakup
probability over the whole trajectory, which is found to
be an exponential function of the minimal projectile-target
separation in experiments of 9Be + 208Pb at sub-barrier
energies [24]. The breakup function is used to sample the
breakup radius along with the breakup probability, with a
range of initial conditions (excited state of the projectile,
separation between the breakup fragments, and orientation
of the fragments) by using the Monte Carlo method. The
breakup fragments are assumed to be isotropically oriented in
the projectile center of mass. The projectile-target orbit before
the breakup is matched to that of the post-breakup fragments
by conservation of energy, linear momentum, and angular
momentum in the overall c.m. frame of the projectile and

target system. Further details of the model will be published
in a forthcoming paper [23].

The interaction between the 2α plus neutron after 9Be
breakup with the 208Pb target represents a very complex
four-body problem. For the sake of simplicity, calculations
were performed for the reaction 8Be + 208Pb, with a laboratory
incident energy of 45 MeV. An ICF event occurs when one α

particle penetrates the radius of the α-208Pb s-wave Coulomb
barrier. The ICF cross sections are calculated with the classical
sharp cutoff formula and all 8Be partial waves leading to ICF
have been taken into account in the calculations. A sample of
1000 breakup events is used for each 8Be partial wave.

The angular momentum distribution brought into the com-
pound nucleus for the case where 212Po is formed by absorption
of one α particle by the 208Pb target in the breakup reaction
is shown by the circles in Fig. 11(a). The vertical hatched
lines in Fig. 11(a) show the angular momentum distribution
of 212Po formed in CF of a direct beam of 22.5 MeV α-
particles impinging on 208Pb (equivalent to E

8Be
Lab = 45 MeV);

the maximum partial wave leading to fusion is 6. Comparison
with the circles shows that the breakup process can increase
the angular momentum of the compound system formed by
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FIG. 11. (a) Calculated partial cross sections σ� for 212Po when
formed by (i) fusion of an α particle following breakup of 45-MeV
8Be incident on 208Pb (circles) and (ii) fusion of a direct beam of
22.5 MeV α-particles with 208Pb (vertical hatched area). (b) Partial
cross sections for 212Po formation showing the spread in angular
momentum brought in by the breakup α particle from a 8Be projectile
with a fixed angular momentum of 10. The thick arrow indicates
the maximum angular momentum for fusion of α + 208Pb if 8Be is
considered to be a pointlike object.
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ICF well beyond the maximum value when only the captured
fragment interacts with the target. The ICF cross sections
corresponding to a fixed orbital angular momentum of the
incident projectile 8Be (�proj = 10) is shown as circles in
Fig. 11(b). If 8Be is considered to be a pointlike object, an
α particle carries half of the 8Be incident angular momentum,
as denoted by the thick arrow in Fig. 11(b). Clearly, a spreading
of the angular momentum brought into the target by an
α particle occurs following breakup of the 8Be projectile.

VII. SUMMARY AND CONCLUSIONS

In this work, isomer ratios in ICF reactions were studied.
The main goal here is to investigate the effect of the breakup on
the angular momentum distribution brought into the compound
nucleus formed following ICF. The parameters of a simple
phenomenological picture were adjusted to reproduce the
measured isomer ratios in residues formed by fusion reactions
with α beams leading to the same nuclei as produced in
ICF. By adopting an effective isomer angular momentum
value Jeff to divide the population between the ground state
and the isomeric state, the experimental 211Po and 212At
isomer ratios for the calibration reactions α + 208Pb and
α + 209Bi were reproduced. Under the assumption that ICF
occurs with equal probability for all partial waves, insufficient
angular momentum is introduced to explain the isomer ratios
measured in ICF reactions. Within a simple phenomenological
approach, assuming that only the highest partial waves lead to
ICF still leads to lower predicted isomer ratios than those
measured for 211Po. Only by introducing additional spreading
of the angular momentum distribution, which is likely to be
due to the interaction between the projectile fragments, can
the measurements be reproduced. This result gives strong evi-
dence that the breakup dynamics has a significant effect on the
angular momentum brought into the system by the fragments
during the ICF process. Thus, a quantitative understanding of
the ICF process requires a theoretical model that follows the
projectile fragments trajectories up to their end point. Initial
results obtained with a 3D classical trajectory model indicate
that the angular momentum brought into the system by the
α particle after breakup for the reaction 8Be + 208Pb can exceed
the angular momentum that would be brought into the system
by using an α beam incident on a 208Pb target. The isomer
ratio data are very sensitive to the input angular momentum
distributions, as indicated by the results obtained by using the
two limiting angular momentum partition assumptions made
in this work. Therefore, isomer ratio measurements could be
used to test and develop future realistic models of breakup and
fusion.
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APPENDIX: t + 209BI INCOMPLETE FUSION REACTION

7Li can break up into an α particle and a triton, with the latter
forming the ICF product 211Po after evaporation of one neutron
from the compound nucleus. Although data corresponding to
the triton calibration reaction are not available, we calculate
the 211Po isomer ratio for the ICF t+209Bi reaction by
assuming the same effective isomer angular momentum value
as obtained using the α + 208Pb calibration reaction (Jeff = 10)
to divide the population between the ground state and the
isomeric state. The results are shown in the lower panel of
Fig. 12 by the solid and dashed lines. The behavior is similar to
the 211Po isomer ratio obtained from the 9Be + 208Pb reaction;
both all-angular-momenta and high-angular-momenta approx-
imations underpredict the experimental isomer ratio for most
data points available. The upper panel of Fig. 12 presents the
ratio of the yield of the 0n (open triangles), 1n (close circles),
and 2n (open squares) evaporation channels to the total xn
cross section for the ICF t + 209Bi reaction. The 210Po product
dominates the entire range of energy. Since 2n evaporation
is the dominant channel here, the α + 208Pb → 211Po + n

reaction should not be strictly applicable as a calibration
reaction (in lieu of t + 209Bi) because the angular momentum
fractionation between the 1n and 2n channels can change Jeff .
However, for 211Po to be dominant in the 7Li reaction, the
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FIG. 12. (a) The ratio of the yield of the xn evaporation channel
to the total xn cross section corresponding to capture of the lighter
fragment following breakup in the 7Li + 209Bi reaction. (b) The
measured and predicted isomer ratio for 211Po formed through the
t + 209Bi reaction as a function of c.m. energy. The solid (dashed)
line represents the results obtained with the all-angular-momenta
(high-angular-momenta) approximation with Jeff = 10. The dashed-
dotted line corresponds to the best fit to the experimental isomer
ratio obtained by using the all-angular-momenta approximation with
σ = 5, whereas the short-dashed line represents the results obtained
with the high-angular-momenta approach with σ = 3.
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c.m. energies have to be well below the Coulomb barrier.
In this case, it would be quite unlikely to populate the
25/2+ isomeric state in 211Po. However, the discrepancies
between the theoretical results calculated with the all-angular-
momenta approximation and measured isomer ratio is, in
the worst case, less than a factor of 2 in the region where
the 2n evaporation channel is predominant [see for example
Fig. 5(a)]. By adopting the all-angular-momenta approxima-
tion with angular momentum spread σ = 5, it is possible to
describe the 211Po isomer ratio obtained from the t+209Bi ICF

reaction to a level similar to that in the 212At case, as
illustrated by the dashed-dotted line in Fig. 12(b). The results
of the high-angular-momenta calculations (short-dashed line),
obtained with σ = 3, are also compared with the measured
isomer ratio in the same figure. As expected, the overall
agreement between data and calculation is somewhat less
satisfactory in comparison with the results provided by the all-
angular-momenta approximation. This behavior is consistent
with all the other isomer ratio results presented in this
paper.
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