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Radiation in transition of charged particles through rough interfaces

R. A. Baghiyan*
Institute for Physical Research of NASA, 378410 Ashtarak-2, Armenia

~Received 9 July 2002; revised manuscript received 24 November 2003; published 27 February 2004!

A theory of transition radiation is presented for the rough interface having sufficiently sloping and smooth
inhomogeneities with large curvature radius in each point of the surface. Characteristic size of roughness
slowly varies over the distance of the emitted quantum wavelength. The advantage of this method is that no
limitation is imposed on the dielectric constants of media. The general case of an interface with two-
dimensional roughness is considered. The physical picture of the radiation from a rough surface is determined
by both longitudinal and transverse effects. Angular and spectral distribution of the intensity are obtained under
penetration of a charge into the target at arbitrary angle, both for the forward and backward radiation. For
periodically distributed roughness, specific examples of expansion coefficients are considered, characterizing
the type of surface. For random surfaces, statistical parameters of the radiation field are found~averaged over
the ensemble of surfaces!. Particularly, for the two-dimensional Gaussian distribution of roughness, the average
intensity of radiation is obtained. All our expressions transform into known ones when the interface is plane.
Numerical calculations were carried out whose results agree with experimental data. The research is practically
important, since its results may be used for diagnostics of surfaces.

DOI: 10.1103/PhysRevE.69.026609 PACS number~s!: 41.20.2q, 34.50.Dy
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I. INTRODUCTION

Interaction of uniformly moving charged particles wi
realistic interfaces between media, depending on phys
conditions under which it takes place leads to such radia
effects as, e.g., transition radiation, Vavilov-Cherenkov
diation, diffraction radiation~see, e.g., Refs.@1,2#!, radiation
on surface roughness@3,4#. Under certain conditions an in
terference between these radiations occurs in spite of the
that one or another radiation dominates.

The very first experiments~see, e.g., Ref.@5#! have indi-
cated that polarization essentially depends on the sur
treatment quality. Roughness of the interface was show
strongly affect the intensity and polarization of the transiti
radiation. No description of this roughness effect was giv
before. Particularly, Ginzburg and Tsytovich have obser
in their monograph@2# that they are leaving aside the impo
tant for applications issues of transition radiation in the pr
ence of various external structures. The same authors
noted that transition radiation from regular and statistica
rough interfaces still needs to be described.

All phenomena caused by interface roughness are im
tant and must be studied, as the investigation of nonid
surfaces is one of the rapidly developing directions in op
and solid state physics. Study of this problem is of practi
interest too, as it can promote appearance of one more wa
determine the surface purity; one can at least hope that
pendences of various parameters of radiation from a ro
interface will turn out to be useful for comparison of th
theory with experimental data~see, e.g., Refs.@5,6#!.

The physical picture of this radiation has been conside
in detail by the author~see, e.g., Ref.@3,7#!.

Analysis of the problem of deviation of an interface fro
an ideal plane is complicated from the theoretical point

*Email address: raffi@ipr.sci.am
1063-651X/2004/69~2!/026609~10!/$22.50 69 0266
al
e
-

ct

ce
to

n
d

-
lso
y

r-
al
s
l
to
e-
h

d

f

view, so the study of radiation from rough surfaces is p
formed by various approximate methods depending on
nature of inhomogeneities.

In recent years we realized a common mathematical
proach to problems of emission at interaction of charged p
ticles with rough interfaces in the approximation where
electric constants of media differ from each oth
insignificantly ~see, e.g., Refs.@7,8#!. An advantage of this
approach is that no restrictions are imposed on the typ
sizes of interface roughness.

In the present paper we develop a theory of radiation
charged particles@9# in the case of sufficiently sloping an
smooth roughness of interfaces with large curvature radiu
every point of surface when typical sizes of roughness v
little at distances of the order of the wavelength of emitt
photons. An essential advantage of this approach is the
sence of restrictions on dielectric constants of media.

II. STARTING EXPRESSIONS FOR RADIATION FIELDS

Let us consider transition radiation from interfaces b
tween media with arbitrary dielectric constants by means
generalization of the Kirchhoff approximation~see, e.g., Ref.
@10#! known in the light scattering theory.

The interface between two media with dielectric consta
«1 and«2 ~magnetic permeabilities are assumed to be eq
to unity! is determined by an equationz5 f (x,y), where the
function f (x,y) may be either periodic or a statistical fun
tion of the surface coordinates. Without violating general
we can choose the rectangular coordinate system with tz
axis directed from the first medium into the second so t
the planez50 is coincident with the mean level of the roug
surfacez5 f (x,y) @ f (x,y) being the deviations of surfac
points from the mean planez50], and the particle velocityv
directed from the first medium into the second is in the pla
(x,z) making an anglec with the z axis.

The essence of the approximation consists in represe
©2004 The American Physical Society09-1
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tion of a sufficiently sloping interface with roughness
horizontal sizel ~exceeding the heights of roughnessf ) and
curvature radius at every point of surface much longer t
the pseudophoton wavelengthl by a surface with differently
oriented plane areas replacing the roughness. Hence, the
face roughness vary little over the distances of the orde
the pseudophoton wavelength.

The effects of shadowing and multiple scattering are
taken into account, meaning that surface roughness mus
sloping enough. This limitation is equivalent to the requi
ment that correlation between the deviations of rough surf
from its average plane must be high enough. We assume
requirement fulfilled, and also demand that roughness co
lation radius is much smaller than the surface dimensions
addition, as the particle field in contrast to that of a pla
electromagnetic wave depends on the distance from the
jectory, it is necessary that the transversal dimensionre f f of
the particle field~see, e.g., Refs.@1,7#! be less than the typi
cal size l of the roughness, while the coherent lengthl coh
~see,e.g., Refs.@1,7#! exceeds the height of the roughnessf.

The conditions that the transversal field dimensions o
moving particle are much smaller than the transversal c
acteristic size of roughness, and coherence length exc
the heights of roughness, certainly impose limitations on
combination of parameters:

U lbA«

lA12b2«
U,1,

U lbA« cosc

f ~12bA« cosc cosu!
U.1, ~1!

where b5v/c, wherec is the speed of light andu is the
angle of radiation. These limitations are taken into accoun
obtaining the numerical results as given in the Sec. V,
various incidence angles and observations in the plane
incidence of a charged particle.

The field at each point of the rough surface is assume
be the same as on the tangent plane drawn at this point
every area of the tangent plane, as for a section of an infi
plane surface, one can write the field distribution taking in
account the orientation of the area with respect to the di
tion of propagation of pseudophotons. Starting from this d
tribution, using Green’s vector formula@11#, we can obtain,
by means of integration over the surfaces of all areas,
radiation field in the point of observationR above any point
of the rough surface,

E~R!57
1

4pEf
F i

v

c
~n3H!F1~n3E!3gradF

1~n•E!gradFGd f , ~2!

where n5(nx52gx /A11gx
21gy

2, ny5

2gy /A11gx
21gy

2, nz51/A11gx
21gy

2) is the unit normal
to the surfacef in an arbitrary point,gx5] f /]x, and gy
5] f /]y; n makes an acute angle with thez axis. E and H
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are the radiation fields on the surfacef, F5eikR/R, R being
the distance between the point of observation and the cur
point of the surface,k is the wave vector of emitted quantum
(k5vA«/c), v is the frequency of the emitted photon; di
ferentiation in gradF is performed over the surface points.
order to simplify the formulas we omitted the time fact
exp(2ivt) and the subscripts 1 and 2 of the fields and
characteristics of the first~the upper sign before the integra!
and the second~the lower sign before the integral! medium,
respectively. Using the relationd f5dxdyA11gx

21gy
2, we

pass in Eq.~2! to the integration over the underlying plane
The Green formula gives a correct result for either ba

ward ~into the first medium! or forward ~into the second
medium! emission on whether we close the rough, on
average plane, surface in infinity at the left (z,0) or at the
right (z.0). Because of the approximation made, the fie
at every point of the rough surface is the same as in
infinite plane replacing in the given point a section of t
rough surface; this means that it is the known radiation fie
E and H for a planar interface that enter the integrand
formula ~2! ~see, e.g., Chap. 4 in Refs.@1# and @12#!.

III. INTERFACE WITH PERIODIC ROUGHNESS

Let us consider transition radiation in the case where
interface is described by a functionf (X,Y), periodic with
respect to both variablesX andY with the periodsl x and l y ,
respectively. Coordinates of points of the rough surface
denoted byX, Y, Z. With use of the Weyl expansion of th
scalar Green function in plane waves,

F5
i

2pE2`

`

eikx(x2X)1 iky(y2Y)1 ikzuz2Zu dkxdky

kz
~3!

and having in mind thatH(k)5(c/v)@k3E(k)#, we obtain

E1,2~R!56
1

8p2E2`

`

L1,28 ei (kx82kx)X1 i (ky82ky)Y1 i (kz82kz) f (X,Y)

3e( ikxx1 ikyy1 ikzz)dXdYdkx8dky8dkxdky , ~4!

where

L1,28 5
A11gx

21gy
2

2kz8kz

$n3@k83E1,2~k8!#2k@n•E1,2~k8!#

1k3@n3E1,2~k8!#%. ~5!

HereE1,2(k8) are the Fourier components of radiation fiel
from a planar boundary in, respectively, the first and sec
medium~for simplification the wave vector subscripts deno
ing media are omitted!.

Let the expansion of the product of periodic functio
entering the integral~4! into a double Fourier series b
known as

L1,28 ei (kz82kz) f (X,Y)5 (
m,s52`

`

Lms1,28 ~k!eimpX1 istY, ~6!
9-2
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wherep52p/ l x , t52p/ l y , andLms1,28 (k) are the expansion
coefficients depending on the shape of surface, withm,s
50,61,62, . . . . Substituting Eq.~6! into Eq. ~4! and using
the definition ofd function, we obtain for Fourier compo
nents of the radiation field the following expression:

E1,2~k!5
1

2 (
m,s

Lms1,28 ~k!, ~7!

where kx5kx81mp, ky5ky81st. If the coefficients of the
subsidiary Fourier expansion

ei (kz82kz) f (X,Y)5(
m,s

Lms1,2e
impX1 istY ~8!

are known, the coefficientsLms1,28 can be found in terms o
Lms1,2 by differentiating with respect toX and Y ~8! and
composing the left-hand side of expression~6!.

Let us mark out the polarization planes as in the case
planar interface. These are the parallel polarization~i! with
the electric vector lying in the radiation plane~containing the
wave vector of the emitted quantum and the normal to
interface! and the perpendicular one~'! with the electric
vector perpendicular to the radiation plane. It should
noted that when determining the projections of the elec
field on the tangential plane the problem of transition rad
tion in a rectangular coordinate system has been inciden
solved and the connection between these formulas and
ventional fields in an oblique-angled coordinate system
been found~formulas in the rectangular coordinate syste
are symmetric and relatively simpler!. For a planar interface
this problem was solved in Ref.@13#.

So, we obtain the following expressions for the comp
nents of the field vectors parallel and perpendicular to
radiation plane:

Et1,2
i 5

c

2vA«1,2cosu1,2
(
m,s

Lms1,2Gms1,2,

Et1,2
' 5

c

2vA«1,2cosu1,2
(
m,s

Lms1,2Nms1,2, ~9!
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Gms1,25
c

2vA«1,2cosu1,28
H @Eq81,2cos~w2w8!

1Ex1,2cosw#Pms1,22
sinu1,28

cosu1,28
~Eq81,21Ex1,2cosw8!

3~Ams1,2cosw1Bms1,2sinw!J ,

Nms1,25
c

2vA«1,2cosu1,28
H @Eq81,2sin~w2w8!

1Ex1,2sinw#Pms1,22
sinu1,28

cosu1,28
~Eq81,21Ex1,2cosw8!

3~Ams1,2sinw2Bms1,2cosw!J ,

Pms1,256
v2l coh

c2bz

A«1,2~cosu1,28 1cosu1,2!

3~12bxA«1,2cosux1,28 6bzA«1,2cosu1,28 !,

Ams1,252mp
v l coh

cbz
~12bxA«1,2cosux1,28 6bzA«1,2cosu1,28 !,

Bms1,252st
v l coh

cbz
~12bxA«1,2cosux1,28 6bzA«1,2cosu1,28 !,

l coh5
cbz

v
~12bxA«1,2cosux1,28 6bzA«1,2cosu1,2!

21,

~10!

where Eq81,2 and Ex1,2 are the Fourier components of th
electric field from a planar interface in an oblique-angl
coordinate system,
Eq81,25
iebz

p2c
sinu1,28 cosu1,28

~«2,12«1,2!~12bxA«1,2cosux1,28 7bzA«2,12«1,2sin2u1,28 !

~12bxA«1,2cosux1,28 !22bz
2~«2,12«1,2sin2u1,28 !

3
~12bxA«1,2cosux1,28 6bzA«2,12«1,2sin2u1,28 2bz

2«1,2!cosu1,28 6bxbz«1,2cosux1,28

@~12bxA«1,2cosux1,28 !22bz
2«1,2cos2u1,28 #~«2,1cosu1,28 1A«1,2«2,12«1,2

2 sin2u1,28 !
,

Ex1,257
iebxbz

2A«1,2

p2c
cosu1,28

~«2,12«1,2!~12bxA«1,2cosux1,28 7bzA«2,12«1,2sin2u1,28 !

~12bxA«1,2cosux1,28 !22bz
2~«2,12«1,2sin2u1,28 !

3$@~12bxA«1,2cosux1,28 !22bz
2«1,2cos2u1,28 #~A«1,2cosu1,28 1A«2,12«1,2

2 sin2u1,28 !%21, ~11!
9-3
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wheree is the electron charge. The upper signs in these
pressions correspond to the field to the left of the interfa
while the lower signs correspond to the field in the seco
medium. The direction of incidence of the particle is det
mined by the quantitiesbx5(v/c)sinc, bz5(v/c)cosc,
and the direction of emission is determined by directing
sines of the wave vectork (cosux5sinu cosw, cosuy
5sinu sinw, cosuz5cosu) with w being the angle betwee
thex axis and the tangential component of the wave vectoq
of the emitted quantum. The anglesu,w are related to the
anglesu8,w8 as follows:

cosux85cosux2mp
c

vA«
,

cosuy85cosuy2st
c

vA«
,

cos2u85cos2u2
c2

v2«
@~mp!21~st!2#

12
c

vA«
~mpcosux1st cosuy!. ~12!

Let us now calculate the energy flux of the transition
diation through the planesz→6`. The Pointing vector of
radiation with different polarizations has, by definition, t
form

S1,2
i 5~Et1,2

i 3Ht1,2
' !,

S1,2
' 5~Et1,2

' 3Ht1,2
i !. ~13!
o
n
de
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Making use of these formulas, we obtain the following e
pression for the spectral densities of the radiation energ
the frequency rangedv into the solid angledV,

dIv,k1,2
i

dvdV
5

p2c3

4v2A«1,2cos2u1,2
(
m,s

U Lms1,2

cosu1,28
H @Eq81,2cos~w

2w8!1Ex1,2cosw#Pms1,22
sinu1,28

cosu1,28
~Eq81,2

1Ex1,2cosw8!~Ams1,2cosw1Bms1,2sinw!J U2

,

dIv,k1,2
'

dvdV
5

p2c3

4v2A«1,2
(
m,s

U Lms1,2

cosu1,28
H @Eq81,2sin~w2w8!

1Ex1,2sinw#Pms1,22
sinu1,28

cosu1,28
~Eq81,2

1Ex1,2cosw8!~Ams1,2sinw2Bms1,2cosw!J U2

.

~14!

These formulas determine the intensities of transition rad
tion backward and forward. They are significantly simplifie
if one observes the emission in the plane of incidence of
particle, i.e., if w50. At normal incidence of the particle
when bx50 and bz5b, expressions~14! take relatively
simple form. If one considers in addition a surface wave
only one direction, sayf 5 f (Y), then at observation of the
emission in vacuum («251, «15«) one obtains
dIv,k
i

dvdV
5

e2b2u12«u2sin2u

4p2cu12b cosuu2cos2u
(

s
U Ls~12bA«2sin2u82b2!~cosu1cosu8!cosu8

~11b cosu8!~12bA«2sin2u8!~« cosu81A«2sin2u8!
U2

,

dIv,k
'

dvdV
5

e2b2u12«u2

4p2cu12b cosuu2 (
s

U s
l

l y
Ls~12bA«2sin2u82b2!~11cosu cosu8!

~11b cosu8!~12bA«2sin2u8!~« cosu81A«2sin2u8!
U 2

, ~15!
en
e

rms

um-
where

cos2u85cos2u2S s
l

l y
D 2

,

l5
2pc

v
. ~16!

So for complete solution of the problem one needs to kn
only the coefficientsLms of the subsidiary expansion i
which the shape of surface is taken into account. Consi
w

r-

ation of specific examples of expansion coefficients is giv
in Ref. @7#. Here it can only be noted that for an interfac
sinusoidal in both directionsf (X,Y)5a cos(pX)1bcos(tY),
these coefficients are expressed in a simple manner in te
of the Bessel functions:

Lms1,25 i m1sJmS a

l coh
D JsS b

l coh
D . ~17!

In the case of one-dimensional sinusoidal roughness, ass
ing f to depend only onY, we obtain
9-4
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Lms1,2→Ls1,25 i sJs~r1,2!, ~18!

whereJs(r1,2) is the Bessel function of thesth order and its
argument

r1,25
b

l coh
5

bv

cbz
~12bxA«1,2cosux1,28 6bzA«1,2cosu1,2!

~19!

is the roughness parameter representing the ratio of the s
soid amplitude to the coherence length. For smallr notice-
able values are obtained with first terms of the series~ampli-
tudes of spectra decrease rapidly with increasing num
and for calculation one can retain small numbersm, s). For
large values ofr the first terms are small while the serie
converges more slowly. At some values ofr the emission
vanishes in certain directions. Equation~19! shows that the
effect of large roughness at smallc is the same as the effec
of small roughness at largec. In expressions for spectra
densities of the emission energy the term of the series w
m5s50 gives the intensity of transition radiation modifie
by the presence of interface roughness. It differs from
conventional planar interface formula by the factorJ0

2(r)
which reduces the intensity of the transition radiation. T
formulas pass to the expressions for a planar surface atr50.

It should be noted that the expressions for spectral de
ties of the emission energy could have been obtained if
used instead of Eq.~9! the fields at long distancesuR0u5ur
1Ru, whereR0 is the position vector drawn from the origi
to the point of observation andr is a point of the surface.

IV. INTERFACE WITH STATISTICAL ROUGHNESS

Let us consider the radiation from a statistically rou
interface of two media described by an equationz5 f (x,y),
wheref is a random stationary differentiable function of c
ordinates, values of which range about the planez50. Here
the solution of the problem of transition radiation diffe
somewhat from the calculation of radiation fields on a re
lar interface. Actually, if a periodic boundary is given,
determines unambiguously either the shape of the surfac
the radiation field, whereas a statistically rough surface
be given by some parameters of deviations of surface po
from the mean plane~by distribution probability density for
these deviations, by correlation function!. Such setting of the
surface determines an infinite ensemble of various sam
of surfaces similarly described statistically. Each sample
an ensemble gives a certain emission pattern which does
generally, coincide with the emission pattern of an oth
sample. So, one needs to find the statistical characteristic
an ensemble of emission patterns provided that the statis
parameters of the surface shape are given. According to
statement of the problem, it is the mean value and the a
age intensity of radiation fields that are of basic interest h
while it is assumed the averages over the surface coin
with averages over the ensemble.

To determine the radiation fields we use formula~4!,
where f (X,Y) is now a function of randomly rough surfac
This expression may be transformed so that the shap
02660
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surface enters only the power of the exponential factor,

E1,2~R!56
1

16p2E2`

`

$~Æ•E1,2!~k82k!1Æ~k•E1,2!2E1,2

3@Æ•~k81k!#%
exp@ i ~Æ'•r …1 i Æzf ~r !#

kz8kzÆz

3e( ikxx1 ikyy1 ikzz)dkx8dky8dkxdkydr , ~20!

where Æ'5(kx82kx ,ky82ky), r5(X,Y), and ¸z5@(v
2kx8vx)/vz#2kz . Let us now average Eq.~20! over all real-
izations off (r ). Denoting the averaging by a line, we obta

E1,2~R!56
1

2E2`

`

E1,2e
ikxx1 ikyy1 ikzzh~¸z!

dkxdky

kz
,

~21!

where

h~¸z!5E ei¸zf (r )W~ f !d f5ei¸zf (r ), ~22!

W( f ) is the function of distribution of surface points ove
heights, andh(¸z) is the corresponding characteristic fun
tion ~see, e.g., Ref.@10#!. In obtaining Eq.~21! the definition
of the d-function has been used. It should be noted that
mean value of the radiation field is represented as a supe
sition of plane waves, each of them with its coefficie
h(¸z).

For radiation fields at long distancesR0 we have in the
first and second media, respectively,

E1,2~R0!57
ieikR0

8pR0
E

2`

`

$~Æ•E1,2!~k82k!1Æ~k•E1,2!

2E1,2@Æ•~k1k8!#%
1

kz8¸z

ei (Æ'•r …ei¸zf (r )dkx8dky8dr ,

~23!

while for the average radiation fields we obtain

E1,2~R0!57 ip
eikR0

R0
E1,2~k8!h~¸z!. ~24!

They differ from the fields in the case of a planar interface
a factorh(¸z).

So, the average radiation fields from randomly rough
terfaces can be calculated if either distribution function
the quantityf @the density of probabilityW( f )] or the corre-
sponding characteristic function is known.

When the transition radiation from a statistically roug
boundary is considered, the mean intensity of the field~mean
value of squared fields! is much more interesting. The radia
tion energy in the frequency rangedv into a solid angledV
is

dIv,k1,25cA«1,2uE1,2~R0!u2R0
2dvdV. ~25!
9-5
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We will perform averaging of this expression ov
samples of surfaces by means of a binary distribution fu
tion @a probabilityW( f , f 8) that at two points determined b
two-dimensional position vectorsr andr 8 the heights of the
surface will bef and f 8]. For a very general case of a two
dimensional normal distribution of deviation of surfa
points in heightf from the mean planez50 ~see, e.g., Ref.
@10#!.

W~ f , f 8!5
1

2p f 0
2A12F2

expF2
f 222F f f 81 f 82

~12F2! f 0
2

G ,

~26!

all the information on statistical properties of the surface
determined by the mean-square deviationf 25 f 0

2 and the
correlation coefficientF of heights in two different pointsr
andr 8 of the surface. The correlation coefficient, in the ge
eral case of spatially uniform surfaces (F depends on the
difference of arguments!, is determined by the relation

f ~r ! f 8~r 8!5 f 0
2FS X2X8

l x
,
Y2Y8

l y
D . ~27!

Here l x and l y are the correlation radii, i.e., typical distanc
at which the correlation coefficient varies essentially. Ifl x
5 l y5 l , the surface is statistically isotropic andF depends
on uzu/ l , wherez5r 2r 8. Correlation coefficient is equal to
unity when its argument is zero and drops to zero whenuzu
exceeds the correlation radiusl.

After substitution of Eq.~23! into Eq.~25!, transformation
to new variablesz, r 8, and integration overr 8, one obtains
for the mean value of the radiation intensity for parallel a
perpendicular polarizations, respectively,

dIv,k1,2
i ,' 5

cA«1,2

4 E
2`

`

D1,2
i ,'ei (Æ'•z)

3expH 2¸z
2f 0

2F12FS uzu
l D G J dkx8dky8dz, ~28!

where

D1,2
i 5U 1

2kz8¸z
S q̂2 ẑ

q

kz
D ~Gx1,2Ex1,21Gq81,2Eq81,2!U2

,

D1,2
' 5U 1

2kz8¸z

~Qx1,2Ex1,21Qq81,2Eq81,2!U2

,

Gx1,25
1

q
@kxC1,21~kx8kx1ky8ky2q2!kx8V1,2#,

Gq81,25
1

q F kx8kx1ky8ky

q8
C1,21~kx8kx1ky8ky2q2!q8V1,2G ,

Qx1,25
1

q
@kyC1,21~kx8ky2ky8kx!kx8V1,2#,
02660
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Qq81,25
1

q
~kx8ky2ky8kx!S C1,2

q8
1q8V1,2D

C1,25q22q822~kz81kz!¸z ,

V1,2512
1

kz8
S v2kx8vx

vz
D . ~29!

Here, for simplification, the subscripts 1 and 2 of the wa
vectors are omitted. Expressions~28! and ~29! determine
completely the intensity of emission from a rough interfa
forward and backward if the functionW is known. By pass-
ing in Eq. ~28! to new variablesz5Azx

21zy
2, x, using the

formula

E
0

2p

exp@ i ~Æ'•z!#zdzdx52pE
0

`

J0~¸'z!zdz, ~30!

and denotingz/ l by h, one arrives at

dIv,k1,2
i ,'

dvdV
5

pcA«1,2l
2

2 E
2`

`

dkx8dky8E
0

`

D1,2
i ,'J0~¸'lh!

3e2¸z
2f 0

2[12F(h)]hdh. ~31!

When the emission is observed in the plane of incidence
the particle,w50 must be taken in all these formulas. Ath
50 the correlation coefficient is equal to unity and Eq.~31!
goes to the expression for a planar interface. Whenh→`,
the correlation coefficient equals zero and we obtain

dIv,k1,2
i ,'

dvdV
5

dIv,k1,2
i ,'

dvdV
~ from planar interface!e2¸z

2f 0
2
, ~32!

while kx85kx in ¸z . The expression

E
0

`

J0~¸'lh!e2¸z
2f 0

2[12F(h)]hdh ~33!

entering the formulas~31! can be represented as

e2¸z
2f 0

2

(
n50

`
~¸zf 0!2n

n! E
0

`

J0~¸'lh!@F~h!#nhdh. ~34!

By taking F(h)5e2h2
and using the relation

E
0

`

J0~gu!e2w2u2
udu5

1

2w2
expS 2

g2

4w2D , Rew2.0,

~35!

the following result is obtained:
9-6
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dIv,k1,2
i ,'

dvdV
5

dIv,k1,2
i ,'

dvdV
~ from planar interface! e2¸z

2f 0
2

1
pcA«1,2l

2

2 E
2`

`

D1,2
i ,'e2¸z

2f 0
2

3 (
n51

`
~¸zf 0!2n

2n!n
expF2

~¸'l !2

4n Gdkx8dky8 . ~36!

For small heights of roughness,f 0!1/̧ z5 l coh , one can
limit the sum in the second term of Eq.~36! by the first term.

If we consider the case where the wavelength of emit
quantum is shorter than the typical sizes of boundary rou
ness, i.e.,̧ 'l , ¸zf 0 in Eq. ~31! are large, the high-frequenc
Fourier components of the functionW must be taken into
account. Correspondingly, it is smallh values ofW, where
the functionF is close to unity andW has a prominent maxi
mum at f 5 f 8, that will enter effectively the integrand
Within the corresponding small region of the surface
height f is always close to the heightf 8. For example, for a
Gaussian distribution the expression

exp$2¸z
2f 0

2@12F~h!#% ~37!

vanishes rapidly whenF only slightly differs from unity.
Hence, one can expand the correlation function in series
the null of its argument and retain the first nonvanishing te

F~h!'11
1

2
F9~0!h2, ~38!

with F9(0),0 as a result of general properties of the cor
lation coefficient. By inserting this expansion into Eq.~31!
and performing the integration by means of Eq.~35!, we
obtain

dIv,k1,2
i ,'

dvdV
5

pcA«1,2l
2

2 f 0
2uF9~0!u

E
2`

`

D1,2
i ,' 1

¸z
2

3expF2
¸'

2 l 2

2¸z
2f 0

2uF9~0!u
Gdkx8dky8 . ~39!

In the case of normal correlation, whenF(h)5e2h2
we

haveuF9(0)u52, and hence,

dIv,k1,2
i ,'

dvdV
5

pcA«1,2l
2

4 f 0
2 E

2`

`

D1,2
i ,' 1

¸z
2

expF S 2
¸'l

2¸zf 0
D 2Gdkx8dky8 .

~40!

Note also that the formulas are simplified if we consid
one-dimensional roughness, i.e.,f (x,y)→ f (x) or f (y).

All the obtained expressions go to conventional formu
of transition radiation when the interface tends to a pla
They determine completely the emission intensity if t
function of distribution of deviations of surface points fro
the mean plane is known. The inverse is also obvious;
perimental study of the distribution of emission enables o
02660
d
h-

e

ar
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s
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x-
e

to get information on correlation characteristics of the s
face. So, a connection is established between the shape o
interface and the characteristics of the radiation in a fo
allowing concrete calculation.

Real interfaces may only be weakly approximated by
surfaces considered. The high sensitivity of radiation to s
tistical properties of the interface does not allow one to o
tain final formulas for the intensity of emission from an
surface. A base to construct formalized mathemati
schemes served the qualitative notion on appearance
roughness in the process of treatment. Since the proces
roughness formation is a consequence of multiple factors
hibiting randomly and to almost the same degree, it has b
confined here to consideration of rather general case of
mal distribution of heights of roughness with a smooth c
relation coefficient of the Gaussian type. So bringing t
theory up to formulas for calculations can be successful
only specific models, although the obtained results allow o
to understand general regularities of radiation without go
into details of the specific structure of the surface.

V. NUMERICAL RESULTS

The expressions obtained above have been used to e
ate the angular and spectral distribution of the intensity
the transition radiation created by incidence of the electr
having energy 80 keV on the rough interface betwe
vacuum («151) and aluminum target. Surface roughne
was described either by a periodic functionf (X,Y)
5 f 0@cos(2pX/l)1cos(2pY/l)#, or random function, with cor-
relation coefficientF(h)5e2h2

. The intensity distribution
was evaluated numerically in the optical range of spectr
(l52800–5600 Å) at various incidence angles and obse
tions in the (xz) plane of incidence of a charged particle.

As an illustration, the distribution curves are shown
Figs. 1 and 2 in the case of periodic roughness. The curv
describe the parallel component, while the curves 2 perp
dicular component of radiation. For comparison, the pol
ized component of transition radiation from planar interfa
is also shown by dotted curves, obtained from the we

FIG. 1. Angular distribution of radiation.l54400 Å, c50°,
f 05100 Å, l / f 05100. Ordinates of curves 2 are ten times mag
fied.
9-7
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FIG. 2. Spectral distribution of radiation.c515°, u510°, f 05320 Å; ~a! l / f 051000, ~b! l / f 05100. Ordinates of curves 2 in~a! are ten
times magnified.
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known expressions~see, e.g., Ref.@1#!. The perpendicular
component under observation in the plane of incidence in
latter case is known to be zero.

Our obtained results show that even a small roughnes
interface creates nonzero perpendicular component of ra
tion. As the roughness heightf 0 grows and the ratiol / f 0
falls, depolarization is observed, whose extent is increa
for smaller radiation angles. Thus for the valuesf 0
5320 Å, l / f 05100, u510°, c515°, andl54400 Å, the
perpendicular component reaches nearly 75% of the par
component. The latter in its turn is four times larger than
transition radiation from a planar surface. Note also tha
large radiation angles the curves 1 lie below the dot
curves.

In the case of normal incidence of a charged particle~c
50°!, the transition radiation at the angleu50° is completely
unpolarized. Radiation pattern in this case is symmetric r
tive to the normal to average plane of interface, i.e., to thz
axis, like in the case of planar surface. However, when
incidence anglec is nonzero, the symmetry againstz axis is
violated.

Note also that parallel component of the radiati
smoothly falls off with increase of the wavelengthl ~as in
the case of planar surface!. Meanwhile for the perpendicula
component this fall of intensity is not always smooth.

Almost the same behavior is obtained when the rou
interface is described by a random function. The only diff
ence with the regular case is that perpendicular compo
here always decreases smoothly with growth ofl.

Thus it may be concluded that roughness of the interf
essentially affects the transition radiation.

VI. DISCUSSION

It is worth discussing the state of the theory and exp
ment in this area, in order to understand more clearly
ways of their possible development.

The author’s theory is based on a method known in opt
but is applied to radiation of charged particles. The key re
is that this radiation is formed not only by longitudinal c
herence length~which is well known in the theory of transi
02660
e
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d
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tion radiation!, but also by transversal distance.
The expressions presented in this paper clearly estab

the relations between the interface parameters and radia
characteristics.

This paper claims to be a significant development of
per @7# where dielectric characteristics of two media diff
insignificantly. Meanwhile, here these media are taken a
trary, which makes possible experimental verification of t
paper results.

Experimental study of the issues raised in this pape
still unsatisfactory. Known are experiments@5,6# analyzing
the radiation created by penetration of electrons into vari
metals. In these experiments roughness of the interfac
shown to affect the intensity and polarization of the tran
tion radiation. However, the roughness density and struc
were not taken into account in these experiments. The w
@6# dealt merely with a matte-finished surface~where the size
of inhomogeneities is of order of the wavelengths in t
analyzed range of spectrum, while their density provides
sual diffusiveness of the surface!.

Both determination of radiation characteristics which s
face roughness parameters are given and solution of the
verse problem require establishment of the functional re
tion between the interface and radiation characteristics. In
mentioned experiments no such dependence was fo
probably due to small size of inhomogeneities making di
cult their proper description. This fact to some extent ho
back the development of theory.

Today only semiqualitative comparison of experiment a
theory has been carried out, since the character of inter
was not taken into account. Numerical analysis has been
formed by the author, using the data of experiment@6#.

In view of the total lack of information about the state
the target surface, we have made an attempt to correlate
model results, at least approximately, with experiment.
though some agreement exists, full interpretation of the
fects is possible only after detailed specification of the s
face roughness in experiments~height distribution and
characteristic size of inhomogeneities!.

Finally we observe that the obtained results may find
plication in diagnostics of targets, especially important
9-8
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analysis of nanostructures. Remember that resolution po
in optics is limited by diffraction. Electrons are also know
to behave like waves, with wavelengthl5h/mv; m
5m0 /A12b2, where m0 is the electron rest mass andh
56.62310227erg sec. However, due to small value ofh, the
diffraction of charged particles with energy easily reached
practice will be determined by wavelengths much sho
than for visible light. Therefore the diffraction of charge
particles is more weakly expressed.
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APPENDIX: RESULTS EXPRESSED THROUGH THE
FRESNEL COEFFICIENTS

Final results of the paper@see, e.g., Eq.~14!# include ex-
pressions~11! for the fields Eq81,2 and Ex1,2 of transition
02660
er

n
r

radiation in the case of non-normal incidence on a pla
interface between media with arbitrary dielectric constan

Below, these fields are expressed through the well-kno
Fresnel coefficients of reflection (r 1,2

uu andr 1,2
' ) and refraction

(t1,2
uu , t1,2

' ):

r 1,2
uu 5

«2,1A«1,2cosu1,2
8 2«1,2A«2,12«1,2sin2u1,2

8

«2,1A«1,2cosu1,2
8 1«1,2A«2,12«1,2sin2u1,2

8
,

r 1,2
' 5

A«1,2cosu1,2
8 2A«2,12«1,2sin2u1,2

8

A«1,2cosu1,2
8 1A«2,12«1,2sin2u1,2

8
,

~11r 1,2
uu !A«1,2

«2,1
5t1,2

uu , 11r 1,2
' 5t1,2

' . ~A1!

As a result, we obtain
re
e obtains

ough
, and
Eq81,25
iebz

2p2c
cosu1,2

8 H sinu1,2
8

12bxA«1,2cosux1,2
8 6bzA«1,2cosu1,2

8
1

r 1,2
uu sinu1,2

8

12bxA«1,2cosux1,2
8 7bzA«1,2cosu1,2

8

2
t1,2
uu sinu2,1

8

12bxA«1,2cosux1,2
8 6bzA«2,1cosu2,1

8
7

bxcosux1,2
8

bzcosu1,2
8

«1,2

«2,1

F sinu1,2
8

12bxA«1,2cosux1,2
8 6bzA«1,2cosu1,2

8

3S 17

2bzA«1,2cosu1,2
8 S «2,1

«1,2
21D

12bxA«1,2cosux1,2
8 7bzA«1,2cosu1,2

8
D 1

r 1,2
uu sinu1,2

8

12bxA«1,2cosux1,2
8 7bzA«1,2cosu1,2

8

2

«2,1

«1,2
t1,2
uu sinu2,1

8

12bxA«1,2cosux1,2
8 6bzA«2,1cosu2,1

8
G J ,

Ex1,252
iebx

2p2c
S 1

12bxA«1,2cosux1,2
8 6bzA«1,2cosu1,2

8
1

r 1,2
'

12bxA«1,2cosux1,2
8 7bzA«1,2cosu1,2

8

2
t1,2
'

12bxA«1,2cosux1,2
8 6bzA«2,1cosu2,1

8 D . ~A2!

Here the terms without Fresnel coefficients correspond to the wave generated by the charge itself. Terms includingr 1,2
uu and

r 1,2
' describe the wave reflected from the interface, while those includingt1,2

uu andt1,2
' the wave created by a charge either befo

transition and propagated forward, or after transition and propagated backward. In the case of normal incidence, on
the known expressions~2.45e! and ~2.45f! of Ref. @2#.

Substitution of expressions~A2! in the final results of this paper gives the expressions for transition radiation on r
interfaces, including the direct radiation from the particle itself, and terms due to reflection of this radiation from
transition through, the surface.

In particular we also express the relations~15! through the following Fresnel coefficients:
9-9



R. A. BAGHIYAN PHYSICAL REVIEW E 69, 026609 ~2004!
dIv,k
uu

dvdV
5

e2b2

16p2c

1

u12b cosuu2cos2u
(

s
ULs~cosu81cosu!~12b cosu8!

3cosw8S sinu8

12b cosu8
1

r 2
uusinu8

11b cosu8
2

t2
uusinu1

8

12bA«cosu1
8 D U2

,

dIv,k
'

dvdV
5

e2b2

16p2c

1

u12b cosuu2
(

s
ULs~12b cosu8!F ~cosu81cosu!sinw82S s

l

l y
D sinu8

cosu8G
3S sinu8

12b cosu8
1

r 2
uusinu8

11b cosu8
2

t2
uusinu1

8

12bA«cosu1
8 D U2

. ~A3!
s
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