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1. Introduction

In the past years, the effects of correlations between additive and multiplicative noise have been widely studied. The
steady-state and transient properties of the bistable systems with correlated Gaussian noise have been discussed by many
authors [1-10,20-23], and most of the previous studies have taken the assumption that the noise is Gaussian. However,
Gaussian distributions are not appropriate in some practical cases. Many experimental evidences, particularly in sensory
and biological systems [11], indicate that the study of non-Gaussian noises is necessary [12-16]. The stochastic resonance
induced by non-Gaussian colored noise has been examined [15]. The effective Markovian Fokker-Planck equation for the
stochastic system driven by non-Gaussian noise has been obtained by using a path integral approach [13]. The fact that the
stationary probability density and the mean first-passage time can be influenced by correlation intensity and correlation
time has been shown for the stochastic system with coupling between non-Gaussian and Gaussian white noise [12].

The paper is organized as follows: Section 2 is to consider a stochastic system with correlation between non-Gaussian
noise and Gaussian colored noise, and to derive the approximate Fokker-Planck equation. In Section 3 we take a special
system as an example to obtain the stationary probability density function and the mean first-passage time, and the effect
of correlation between non-Gaussian and Gaussian colored noises for the mean first-passage time is presented. Section 4
gives our conclusions to close this paper.

2. Approximative Fokker-Planck equation

Consider the Langevin equation with cross-correlated non-Gaussian and Gaussian colored noises

dx

X =f() + g n(t) + &x®)E (), (1)
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where 7(t) is a non-Gaussian noise

ano __1d, o0
& T ndy Va(m) + TlE(t), (2)

where &(t) is a Gaussian white noise of zero mean and correlation (g(t)&(s)) = 2D15(t — 5),V4(n) is given by
Vo(n) D [1+T1( 1)”2] (3)
n=_——"-—In —@q@—-D=.
! nu@—1 D 2

q is related to Tsallis entropy [17,18], £(t) is a Gaussian colored noise which can be described as

S =—lttoro. @)
with
(IO (s)) = 2D8(t —s), (5)
(I'(De(9)) = (I($)e(t)) = 24y/D1Dy8(t — 5). (6)
The stationary probability distribution of Eq. (2) is given by [13]
Py(1) o [1 +@-1 (i) 772} o 7)
2D, N

It is obvious that for ¢ = 1, n become a Gaussian colored noise and for g # 1,  is a non-Gaussian noise. In the region
|g — 1] < 1, the term 7? can be replaced by its expectation value, Eq. (2) becomes [11,16,24]

MO~ Lyt Lew, ®)
t Teff Teff
and
(e(D)e(s)) = 2Degd(t — 5), (9)
(F(De(s)) = (M($)e(t)) = 2h/DegDab(t —5), (10)
where
Tef = 25(2_7_33)11, Dy = <25(2__33))2D. 11

For the initial condition that at time t = 0, the random variables £ and n have the values &, and g respectively, and the
solutions of Egs. (4) and (8) can be written as

t 1 [t t—t L
§(t) = &oexp (—) + —/ exp (— )F(t )de', (12)
T 72 Jo 72

t 1 (f t—t .
nt)y =noexp|{ — | + — exp| — e(thHdt'. (13)
Teff Teff Jo Teff

We therefore have

20 /De D min(t,s)
(E(®)n(s)) = &omo exp <—i - i) + ¢/ exp (— : 5 + (l + i) t/) dt’
0

(%] Teff Teff T2 T2 Teff T2 Teff

t S 2A Defsz t S |t — 5|
=&omoexp|—— — — )+ ————exp|—— — — | x|exp| — -1), (14)
T2 Teff Teff + T2 T Teff T

where v = 15 fort <sandt =1, fort > s.
For large t, s, the cross-correlation function is independent of the initial value and is only a function of the time difference
t — s, namely,

) _ ZA,/Defsz exp <_|t—$|) (15)

(E(®)n(s) o + 5 "
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According to the stochastic Liouville equation,the probability density P(x, t) obeys
3P( t) = i 3(x(t) —x)
ot o= 8t< X »)
] ] ]
= —a*f(X)P(X, t) — —&1 (X)) x(t) — %)) — ——LX)(E()S(x(t) —X)). (16)
X ax 0x
Using the factf(y)a%é(y —Xx) = a%[f(x)(i(y — x)] and the Novikov theorem, we have
] D, t— Sx(t
(n(©3(x(t) —x)) = ™ / I exp (— >< (x(@t) — )()>
X Teff Teff 1) ()
t 2A,/D,D,
24 yD2Dey < ><8(x(t) _px )> (17)
ox Tof + T2 T 8&(s)
The functional derivative an((s; satisfies
Sx(t) ‘ ! A ! / / / / / 8X t ’
5 =0(t —s) {gl(X(S)) + / [f/(x(t)) + g xE))n(t) + g x())E()] de } : (18)
7](5) s 57) S
Here 0(t — s) is the unit step function. Its solution is
)
e =0~ ) exp { / [F/ () + &) (KENE) + g DEE )]dr} (19)
where f'(x) denotes the first derivatives of f with respect to x. Since
d Tx(t
L xe) = LD 17600) + g1 OI(0) + XOEO T (), (20)
dt g1(x(t"))
then the integral of Eq. (20) gives
B Cg(x(t)) e RO
g1(x(s)) = g1(x(t)) exp | — - [F () + g1 (x()n(t') + g x(E)EE)]dE . (21)
s &1(x(t)
Combining Egs. (19) and (21),we get
x(t) To oy 8&E) .
) 6(t —s)g1(x(t)) exp {/5 [f (x(t)) g1(x(t/))f(x(t )
Fveene oy S1XE)) / } }
+ t t) — t th|dt'¢. 22
& x())EE) 2 (X(t/))gz(x( NE) (22)
According to the Ansatz of Hanggi, we have the following approximation like Ref. [19]
(n(OS(x(t) — %)) ~ (—t;S) <8(x(t> — 0 wexp(f(x) — S ) e s)>ds
Teff 81 (Xs)
g *x) / z DZ TV (—t — S) <8(x(t) — X) % exp (f’(xs) - gﬁ(XS)f(xs)) (t - s)>ds
Teff + T2 Teff 82(Xs)
eff a
= —81(X)P(x, 1)
1= 1 [x) — B8]
22/DyDerr Te 3
- I (P, ), (23)
(o +72) (1= 7ap (£100) — 235700 ) )

where x; is the steady-state value of deterministic system.
Similarly, we have

3 ‘D -
(EMx(E) —x)) ~ ——gz(X)/ = exp (— s) <8(x(t) — X) * exp (f (xs) — f( s)) (t — S)> ds
ox - 2( s)

9 t 20/D,D,
-5 f VT ( ><8<x<r) — x) % exp <f( g 8% a) (t —s)>ds
0x T 1( 5)

Teff + T2
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D 0 (0P, 1)
= - / .52 >
11 [f(x) = B0 | %

£2(xs)

2\ DzDeff'L'z d
_ IS 78 X)P(x, t). (24)
(g +72) (1= (F0) — 257 ()

Inserting Eqs. (23) and (24) into Eq. (16), the approximate Fokker-Planck equation is obtained

D

a
, —&i (X) RSP D)
1=t [f/0) = E227 o) |

g1(xs)

d d
EP(X’ t) = —&f(X)P(X, t) +

2 DZDeffTeff 9
! (x;) Ix gl(x) gz(X)P(x t)

D,

8
200 R2®7 gz(X)P(X t)
1= [f(x) — 22550 | %
27\/D3Def 7o ( )
" (x 82X
(o + ) (1= % (Fo0) — 257 () )
where the approximation is valid under the following conditions:
8 (%s)
fi] -
LX)
8 (%s)
82(%s)

+

+ 281 P D). (25)

1-1 [f’(Xs) -

1— Teff |:f,(xs) - f( s)i|

3. Case study: Symmetric bistable system

As a special case, we consider the bistable system

%:x—xz‘—f—xn(t)—i—é(t). (26)

3.1. Steady-state distribution

The approximate Fokker-Planck equation corresponding to Eq. (26) can be written as

ad ad 92
—P(x,t) = ——AX)P(x, t —B(x)P(x, t), 27
at() 8x()()+ax2()() (27)
where
D, 2A/D3Des T,
A(x)=x—x3+ o X 27 of s
1+ Zfeff (2 + feﬁ)(1 + 2feﬁ)
D 2A/D7Dofr T, 2A/D3Des T D
B(X) _ eff 2 2Ueff Leff 2eff L2 2 ) (28)
14 27y (T2 + Te) (1 + 2Te7) (T2 + Tof) (1 + 272) 1421,
Then the steady-state probability distribution function P (x) can be obtained as
(a)when A% > (1p + ‘L'eff)z(l + 2Te) (1 + 272) /(72 + Tep + 41'21'eff)2,
N, 14274 | 1, c2+a—e
Py (x) = — ex — | =X —x+ ———In|x* +cx+e
st (%) B p Doy : : | I
c(c+a)—3ce—2b IX+35— %—el
- In ; (29)

2

4,/ —e X+ 5+ ——e|
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Fig. 1. The stationary probability distribution function. P (x). (a) Dy = 0.5,D, = 0.5, 7; = 0.1, 7, = 0.5, ¢ = 0.7 are fixed. X takes 0 (point line), 0.3
(dashed line), 0.5 (dotted line), 0.7 (solid line). (b) D; = 0.3, D, = 0.3, 7y = 0.01, 7, = 0.1, A = 0.1 are fixed. q takes 1.0 (solid line), 1.3 (dashed line), 1.4
(dotted line), 1.5 (point line).

(b)when A2 < (1 + Tef)*(1 + 27ef) (1 4 272) /(T2 + Tef + 4T2Tep)?,

N, 1425 [ 1, 2 +a-—
-— | zx

e
Py(x) = —— ex —x+———In¥* +cx+e
se (%) B p Duy 5 + 5 |x* +cx + el
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(c)when A2 = (13 + Tef)? (1 + 27ef) (1 + 272) /(T2 + Tefp + 4T2Tepp)?,

N; 1+2t 1, c+a—e , 1
Py(x) = —exp{—— | =x* —cx+ ——In|x* +cx+e| + (c(c®+a) —3ce —2b)——— | ¢ ; 31
st (X) B(x) p{ Dy 5 5 | | + (c( ) )2X+C (31)
_ Defy _ 2) /D2 Defy Tef _ 20/DaDeff T | T2 (1427¢) _ Dy(1+27ep) .
wherea = —1— Ty b=— o Fre) (T2 c= g (@ + Deff(1+2z2))’ e= Doy (14213)° Nj, N, N3 are normalization
constants.
The critical curve separating the bimodal and unimodal regions is
A2DoDefy T2 1/ 2D 3
22 eff ©2 . _ <7eff — 1) =0. (32)
(T2 + Tef)2(1 4+ 217) 27 \ 14 27

The approximate steady-state distribution function Py (x) is plotted in Fig. 1. It can be seen from Fig. 1(a) that when
parameters D; = 0.5,D, = 0.5, 7y = 0.1, 7, = 0.5,q = 0.7 are fixed, the curves of SPD changed from the bimodal to
unimodal with the A increasing from O to 0.7, which means that the noise-induced transition phenomenon occurs. The same
phenomena would happen when D; = 0.3, D, = 0.3, t; = 0.01, o, = 0.1, A = 0.1 are fixed and q changed from 1 to 1.5,
see Fig. 1(b).

3.2, Mean first-passage time

The approximate expression of the MFPT for a particle to reach the final state x, = 1 from the initial state x; = —1is
T(xi — %) /] e I (33)
X1 — X3) = _— y.
L1 BP0 S

Fig. 2(a) shows that the MFPT as a function of D1 is increased when X increased. The curve is changed from monotonically
decreasing function to a function which has a peak. Fig. 2(b) shows that the peak of the MFPT moves to the right when ¢
decreased.
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Fig. 2. The mean first-passage time as a function of parameter D;. (a) D, = 0.5, 7y = 0.1, 7, = 0.5, ¢ = 0.7 are fixed, A takes O (solid line), 0.3 (dashed
line), 0.5 (dotted line), 0.7 (point line). (b) D, = 0.5, t; = 0.01, 7, = 0.05, A, = 0.3 are fixed, q takes 0.5 (point line), 0.75 (dotted line), 1 (dashed line),
1.25 (solid line).

3.3. Numerical simulations

To verify the validity of our analytical result, it is necessary to perform numerical simulation. Like [12], second-order
Runge-Kutta algorithm with a time step of At = 1073 is adopted. For the general problem

d.
d’t‘ = F(0) + 21000 + 2 WED),
() 1
pr p(n()) + rle(t),
¢ _ 1, 1
L RG] (34)

the algorithm is as follows:

A
X(t + At) = x(t) + {[f(x) FF (1) + 200N + 1001 + £ (0F + 5 (x4,
X1 =x(t) + )AL + g1()nAt + g (X)EAL,

At 3
n(t + At) = n(t) + 7[/0(71) + o]+ o

R
m = n(t) + p(n At + 7‘

§ R,

E1=E(t) — = At + 2,
T

o
$(t+At)=§(t)+%[—i—§}+&

) (35)
T T

T2
where

Ry =Ry = /2D, AtZ,
R, =R, = /2D, AtZ;. (36)

The random number Z;, Z, can be generated as follows:
Z] = w1
1
Z, :Awl + (1 —)\.Z)QU)Z. (37)
Here w1, w, are independent Gaussian random numbers.
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Fig. 3. The stationary probability distribution function. P (x). (a) Dy = 0.5, D, = 0.5, 71 = 0.1, o = 0.5, ¢ = 0.7 are fixed. A takes 0 (x), 0.3 (%), 0.5 (+),
0.7 (-).(b)D; =0.3,D, = 0.3, 7; = 0.01, 7 = 0.1, A = 0.1 are fixed. q takes 1.0 (x), 1.3 (-), 1.4 (+), 1.5 ().

The numerical results of the steady-state distribution function are plotted in Fig. 3. The same parameters are used in
Figs. 1 and 3. It can be seen that the analytical results are consistent with the numerical computations.

4. Conclusions

The approximate Fokker-Planck equation and the mean first-passage time are considered for a stochastic system with
correlation between non-Gaussian noise and Gaussian colored noise. Then we examine the effects of parameters A and q for
the steady-state probability distribution function and mean first-passage time. Numerical simulation is performed to check
the validity of analytical results. It is shown that the analytical results are consistent with the numerical computations.
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